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ABSTRACT

Fission product data has been assembled for 192
fission product chains from mass 66 to mass 172 consisting
of 798 isotopes. This data includes half life and
branching factor values in addition to 3 group fission
yields from Th-232, U-233, U-235, U-238, Pu-239, and
Pu-241. This data was incorporated into program MIKU
written by R. E. Miles which is capable of computing
activities in problems involving radioactive buildup,
decay, and mass transfer. This program uses either the
matrix exponential method or a G-factor method developed
by R. E. Miles. A modeling of the decay chain data
described above was chosen which is compatible with both
the matrix exponential and G-factor methods. Therefore
program MIKU can be used to compute fission product
activities using either method.

The matrix exponential and G-factor methods have been
analyzed and compared theoretically. Both methods are
capable of handling unlimited forward branching. However,
in addition the matrix exponential method is capable of
handling problems involving reverse branching. The G-
factor method is more efficient computationally due to the

usage of recurrence relations. The G-factor method has

been found to be from 2 to 5 times faster depending on




the length of the time intervals used than usage of the
matrix exponential method option.

Program MIKU has been used to analyze and compare
results from several sample problems using both the
matrix exponential and G-factor methods. These problems
included runs for several isotope chains for different
reactor power operating times, and various fuel
enrichments. The results obtained have been found to be
in perfect agreement to at least 10 significant figures.
This amazing agreement is due to the accuracy of the two
methods and to the usage of triple precission arithmetic
available on LSU's IBM 3033 computer.

MIKU is capable at present of handling all isobaric
fission product isotopes with half life greater than 1
sec, since all fission yield data, branching factors,
and half life data has been included. The program input
is simple and easy to use. Execution is accomplished

using a simple CLIST command.



CHAPTER ONE

Introduction

The main objectives of this thesis has been to
assemble fission product decay data in a form compatible
with program MIKU written by R. E. Miles to analyze and
compare theoretically the matrix exponential and G-factor
methods for use in treating problems involving radioactive
buildup, decay, and mass transfer and to test program MIKU
using the above data for several sample problems.

The data assembled consist of fission product decay
chain data from mass 66 to mass 172 for isotopes with
half lives greater than 1 sec. Since there was no attempt
in this thesis to assemble activation, actinide,
transuranium, gamma ray spectra or other similar data in
this thesis the discussion will center around fission
buildup and decay analysis with some limited discussion of
reactor accident analysis.

The linear differential equations for buildup and
decay of fission products in a reactor are well known but
it becomes difficult to obtain their solution as the
length of the decay chain increases. If there are only
two or three members in a decay chain then their solution

can easily be obtained by direct integration. For more

complex problems where there are seven or eight members




in a decay chain in which various branching possibilities
are available, it is very tedious and virtually impossible
to solve them by direct integration. Several methods
exist for obtaining accurate solutions of these
differential equations which avoids these difficult as
well as the problem of singularities that occurs when the
depletion rate constants of two or more nuclides in the
same chain are equal. These methods include the matrix
exponential, finite difference, and the G-factor method
recently developed by R. E. Miles (Ref. 1-4).

This thesis will compare the matrix exponential and
G-factor methods for the solution of fission product
buildup and decay problems. These methods both have a
much wider application but the discussion of this thesis
is limited to the application of the fission product chain
data assembled as a part of this thesis.

The matrix exponential method provides a very general
approach to radioactive buildup and decay problems. It
can also be used to calculate the integrated fission
product releases from a reactor containment building to
the environment and the activity absorbed on filters are
washed from the containment building by sprays. Thus it
is a useful technique for dose projections to be used in
emergency response planning. This method can also
accommodate reverse branching which is important in fuel

burnup computation. The method makes use of matrix theory




and operators to simplify the mathematics involved and
reduces the problem to setting up the differential
equations or alternatively the supermatrix A. In Chapter
Two, several decay chains are considered to explain
clearly how supermatrix A is formed.

The G-factor method approaches the problem in a
different way. Simple exponentials are computed only once
and then recurrence relations are used to determine higher
order terms or E-factors. The G-factor consists of
various E-factor terms and can be shown to be related
to the probability of atom transfers between various
nuclides in a decay chain. Computationally the method is
extremely efficient due to the usage of these recurrence
relations. This method while allowing unlimited forward
branching is not capable of treating reverse branching.

These methods can be applied to a variety of
problems. Cases like simple radioactive decay trans-
formations, calculation of routine and accidental
releases from nuclear reactors, buildup and decay of
isotopes in long chains with unlimited forward branching,
and for the matrix exponential method reverse branching.

Singularities present no problem for either method.



CHAPTER TWO

Matrix Exponential Method

This is a powerful and elegant method for handling
problems involving buildup, decay, transmutation and
mass transport of radionuclides. As the name implies it
uses matrix theory and solution of matrix differential
equations to simplify the mathematics involved (Ref. 5).
In this section the method will be developed utilizing
a reactor accident analysis model. However, it should be
understood that the method can be applied to other
problems involving radioactive decay, buildup,
transmutation and mass transport with little modification.

In a reactor accident analysis model it is simple
to include the presence of cleanup filter in the contain-
ment building and in case of accidents, the leakage of
arbitrary isotope of any chain from the containment
building to the environment as a function of time.

There are two assumptions in this model:

a) The removal rate of the clean up filter in

the containment building and the leakage rate
of isotope from the containment building to
the environment, are constant during short

intervals of time.




b) The gas inside the containment building is

well mixed.

Initial source for the isotopes is taken to be leakage

from reactor vessel to the containment building. Natural

deposition of gas borne isotopes on the internal surface

of the containment building is neglected in order to

avoid unnecessary complexity.
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Mathematical Basis

Let us consider a system shown in Fig. 1. The system
consists of a reactor vessel and a filter system inside
the containment building. Before we set up the equations
in matrix form, it is easier to understand them term by
term for three isotopes of a chain and then generalize it
for any member of long decay chain using matrix theory.

We note that noble gases are not filtered by the clean up

system. As an illustration consider the three member

decay chain

where P2 is a noble gas.




We assume the following:

Nl’ N2, N3 = Amount of isotopes P P2, and P

1’ 3
in the containment building at time t.

27 V3 = Filter clean up rate for P P2, and

ll
P3.
Ll’ Ly» L3 = Leakage rate of containment building

to environment for Pl’ P and P.,.

2! 3

Fl’ F2, F3 = Amount of Pl’ P2, and P3 absorbed on
the filter.
Al, 12' A3 = Decay constants of Pl’ P2, and P3.

The equations governing amount of any isotope in the

containment building and on the filter at any time t are:

== - (A + v, + Ll) N, (£) + 51 (1)

d—t— = >\l Nl(t) - (AZ + V2 + L2) Nz(t) + )\1 Fl(t) + S2 (2)

I = Az N2(t) - (A3 + Vo4 L3) N3(t) + 53 (3)

(4)




=0 (5)

VN5 (£) - AJF4 (t) (6)

All the terms are obvious except for AlFl(t) in Eqg. (2).
This term accounts for the fact that isotope Pl which is
absorbed in the filter can decay to noble gas contribute
to N2 in the containment building. 1In Equation (5), rate
of change of F2 with time is zero because noble gas is

not absorbed in the filter.

These six equations can be put in matrix form

illustrated in Fig. 2.
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Matrix Formulation for Long Arbitrary Chain

Equations (1) to (6) are easily modified for long
decay chains including branching factors. Aan isotope of
a decay chain can get contributions from many other
members of the same chain due to branching. To take
branching into account, the decay constants are multiplied
by corresponding branching factors and the products are
called Xij and they are used to replace decay constants
in the previous example. Again the supermatrix A can be
determined by first writing the appropriate differential
equations for the decay chain and then rearranging the
terms so that the differential equations can be expressed
using matrix notation. An alternative approach which
breaks the supermatrix up into 4 submatrices will now be

presented.

In this alternative appproach another set of constants
Agj are introduced to simplify the formulation. These are
taken to be negative and defined as the product of decay
constants and corresponding branching factors for only

those isotopes which decay to noble gases. The

generalized equations are:

dN

l = by by by —~—
F = ()\21N2 + A31N3 I )\Sle « v o) ()\lle + )\lBNl...)

- * - -
(A*21F2 + A 31F3 + . . .) VlNl LlNl + S1

(8)




12

= (Alz Nl + x32 N3 + . . .) - (AZl N, + A23 N2 + . e e}
- (Aiz Fl + A*32 F3 + . . .)
- v2 N2 - L2 Nz + 52 (9)
= vl Nl - AlZ F, - Al3 Fyooo. Al4 Fl . e . (10)

I
<
2

[
>
o
[
>
!

2 Ny 21 T2 23 Fo v o Ay By o (11)

where Aij is product of decay constants and branching

factors for those isotopes which do not decay to noble gas.
A little consideration of equations (8) to (11) show

that they can be put in matrix form with the following

changes:

[n], [F], and [s] are taken as vectors, the elements of

which are the values of the individual members of the

chain.
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[L] and [V] are the diagonal leak and filter clean up rate
matrices. The diagonal elements of these matrices

represent the leakage and clean up rates of each individual

member of chain.

[X] is taken as decay chain matrix. The diagonal elements
of which are positive and the negativeoff diagonal elements

are the products of branching factors and decay constants.

[X] and [A*] become matrices.

We note that dimension of matrices are n x n and number of

elements of vector [N], [F], and [s] are n where n is the

number of isotopes in a given chain.

With these changes, the egquations become
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_ - - - T

Fy vy Ny Fy

Fy vy N, F,
= - A

Fa V3 N, Fy

© i -1 L JL

(13)

(Al = [IX] + [v] + [1]

From now onwards [ ] sign won't be used to indicate a

matrix for convenience. The Eg. (12) and (13) in matrix

form are then

g% = - AN - A*F + S (14)
g—§=VN—)\F (15)

Note that from definition of XA, A and A* a simple relation

exist among them

A=A+ A%

The solutions to Eg. (14) and (15) are obtained in the
following manner (Ref. 1)

Define
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|
-A : -\*
|
and supermatrix A = ---_r____
V 1 =A
:
_A _)\* N S
Now AX + s = +
-AN - A*F S _AN + >\*F + S
= + =
VN - AF 0 VN - AF
{o)
dx _d (N} _[-AN - A*F + S
dt  dt {(F| | VN = AF
dx _
= Jc - AX + s (16)

We assume matrices A and s are constant over time interval
(0, t).

Integrated release from containment building is denoted by
R(t)

t
R(t) = IOL(t')N(t')dt'

The leakage rate L can be taken as a constant or some

average value can be assigned to it.

L =1/2[L(0) + L(t)]
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t
R(t) = L fo N(t')at" (17)

Define

R(t) I o
Yty =1 o v B=1lo o

then Eqg. (17) becomes
t

Y(t) = B fo X(t')dt' (18)

which is clear from

R(t)) _ (L o© ft N ger
o) 0O O °© \rF

The solutions of Eqg. (16) and (18) gives us the value for

N, F, and the integrated release. Solution of Egq. (16) is

given by:

t

x(t) = &2t [x(0) + fo x'l(t')s(t')dt']
where

X(t') = eAt'

AT

t '
X(t) = &' x(0) + [Pt L) at' e At

t At
Bt x(0) + Rt [ L) dt' oAt Is
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A

At x(0) - At a7l [o7At

- 1]s

i

= &Pt x(0) - a7l [eAt At _ RAZ
= At X(0) - a~l [1 eAt]s
- GAt X(0) + a”l [Pt -1 (19)
Define D(c) = c-l[exp(c) - 1]
=1 -1
then D(At) = A ~ t [exp(At) - 1] (c = At)
or
tD(At) = AT [eRt - 1]
then
Bt - tpat) A + 1
so that

Pt x(0) = tp(At)A X(0) + X(0)

Eg. (19) becomes
X(t) = X(0) + tD(At) [A X(0) + s] (20)

t
Now we solve Eqg. (18) Y(t) = B Io dat' x(t")
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rrom (19) we have

X(t') = 2t x(0) + a7l [At - 1]s

sO

t

v(t) =B [ {dt' Pt x(0) + [a”1 Bt - A-l]s}

-1, At

B [A ~(e - 1) X(0) + A"l a-l [eAt - 1]s

Let us take the terms inside the bracket one by one

A 1 (Bt - 1) X(0) = tD(At) X(0)

for second term we note that
pat) = a~1 £71 (Bt - 1)
or

ep(at) = a~1 (eBt -1

Multiply by a~! on both sides, we get

t 371 p@at) = a1 a7l (Bt - 1)

-1 271 piat) = a1 a7l (Bt

- 1)s

t2 ol pat)s = a7t a7l (&Pt - 1)s




19

and

a7l ts = ta7ls = tee7t a7ls = ¢ c °s

Hence,

Y (t) B [tD(Aat) xX(0) + £2 {c_lD(c) - c_l} s]

2

= B [tD(At) X(0) + t° z(At)s] (21)

where
cZ(c) =D(c) -1

Z2(c) = c—lD(c) - ¢!

Now matrix operators D(c) and Z(c) are given by

-1 T cn
D(c) = ¢ = [exp(c) - 1] =7 .
n=o (n+¥1)!
-1 - cn
z(e) =c * [Dle) - 11 = | =y, (22)
n=o °

Direct evaluation of D(c) and Z(c) are difficult
computationally because C is a matrix

Take H=2"C

where

p is determined by |H| < 1/2

or

2
p > Rn(ICij| )/2 &n2
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We can approximate D(H) and Z(H) by taking only finite

number of terms M

M n
Mo B
b (H) _nZO (n+1) 1
M n
Mo B
z (1) nZO (m+2)

M is determined such that excluded terms are less than

some €.

|H1M+l

1
<

[]
(M+2)! 2M

1 Me2) 1

< €

. Recur upwards by powers of 2 in H to find D(c) and Z(c)

P . .
where ¢ = 2°H and recursion relations are

p2"m) = p2"m) [1+ (5 (2%m p(2Pm)] (23)
22" ) = (3 227w + 7 [p(2Pm)]? (24)

These recursion relations are very useful in computation.
With these relations the solution to Eg. 16 and Eq. 18

are obtained in a manner which makes computation easier

for computer. We now discuss some decay chains to

illustrate how to set up the various matrices.
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The differential equations for decay chain (mass number

85)

/1'0\’ .7824

Asz— SeM—§ Ses—> B M 5

0.0 wrm Kr 317 Krl—o*:Rb
.77
are
dAy
g = (A + V] + L)) A () + 5,
dAz
da,
5 ° -()\3 + Vv, o+ L3) A3(t) + )\lAl(t) + xlFl(t) + S,
dA4
T -(A4 + v4 + L4) A4(t) + >\3A3(t) + >\ (t) + A (t)
+ A2F2(t) + S4

dAs
F=-()\5+L)A(t) +>\ (t) +A4F4(t) +85
dag
F=-(>\6+L)A(t)+>\ (t)+s6




(A, + V_ + L7) A7(t) + sts(t) + x6A6(t) + s7

ar;
g = VA () - MF ()

Fy

g = VaBy (B) - A F, (%)

Fi

S = VaBy(£) = AJFL(£) + ALF, (¢)

Fy

Et—- = V4A4 (t) - >\4F4 (t) + )\2F2 (t) + )\3F3(t)
_E_S. = 0

at

iG. = 0

T

Fy

gt = VoRy(t) - AF (k)

These equations can be easily put in matrix form as
was done in previous examples giving us supermatrix A.
The supermatrix A can be obtained without writing the
differential equations. Consider Fig. 3 which shows

decay chain for mass number 85. The numbers above the

22




‘arrow represent decay constants and below the arrow
represent branching factors. Since there are seven
members in the decay chain, the matrices X, A, and A*

will be seven by seven matrices.

23
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some of the elements of the above matrix are calculated

for illustration

1

Ty, = 3.415 x 1071 x 0.8 = 2.72 x 1071

Now —A21 means that this term is for decay of first isotope

(As-85) to the second (Se-85).

X _ = 4.298 x 10°° 6

65 x 0.212 = 9,122 x 10

Again the negative sign has the same meaning.

X717

isotope.

is taken to be zero since it is the term for stable

To set up the matrix A* notice that fifth and sixth
members are noble gases. Now fourth member (Br-85)
decays to fifth and fifth member decays to sixth.

So,

AE, = - (4.025 x 1073 x 1) = - 4.025 x 10
AX = - (4.298 x 10" ° x 0.212) = 12 -6
65 = . X x 0. ) = - 9,122 x 10

and all other elements of A* are zero.

Matrix A can easily be obtained from matrix A by

the relation
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After obtaining A, A*, and A we can set up the super
matrix A by taking some reasonable values for the cleanup
rate and the leakage rate for each member of the decay

chain. Then A will be

which will be fourteen by fourteen matrix for this chain.
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pecay Chain for Mass Number 88

We set up the various matrices for the following

decay chain

88 r4.359x10'

5 88, 6.876x107> 88 6.527x10 %

2
1.o ~ K 1.0 ° Re—71.05

1y,

(A1l decay constants are in sec
Ssince there are three members in the decay chain the
matrices A, A, and A* will be 3 x 3 matrices. Also no
branching is taking place so for this chain the matrices

become quite simple. They are

4.359x1072 0 0
Y= | -4.359x10 2 6.876x10 > 0
0 -6.876x10"° 6.527x10 4
-2
4.359x10 0 0
A = 0 6.876x10° 0
0 -6.876x10"° 6.527x10" %
and
0 0 0
A* = ~4.359x1072 0 0
0 0 0

The supermatrix A for this chain will be then a 6 x 6

matrix.




CHAPTER THREE

G-Factor Method

This technique is developed by Dr. Robert Miles,
Louisiana State University, for handling radioactive decay,
buildup and mass transfer problems. The procedure is
simplified by introducing the concepts of path specific
probability function. General solutions are obtained
which include the branching factors and independent
production of nuclides. Use of recurrence relations for
exponential terms makes the computation fast and efficient.
Singularities are also treated easily by this technique
which will be discussed later in the section. The advantage
of G-factor technique lies in the fact that it is easy

to understand and apply to problems since very simple
concepts are involved.

Let us first consider a generalized decay chain as

shown in Fig. 4. We define the following:

Ai = the number of atoms of the ith nuclide present
at time t.

u, = the total removal constant of the ith nuclide.

kij = the transfer rate constant from the ith to the

jth nuclide (i > j, reverse branching, which
means branching from daughter to ancestor, is

not allowed).
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There are several terms which contribute to the total

removal constant ui. They are

a) Radioactive decay constant
b) Removal rate due to nuclear reactions

c) Mass transfer rate for the ith nuclide

The transfer rate constant kij is present because of

various reasons. It can be just the material transfer

rate from it to jth nuclide or the production rate of jth
nuclide due to nuclear reaction involving ith nuclide.
th

Also it can be product of decay constant for the i
nuclide and the branching fraction from the ith to jth
nuclide.

The analysis of radioactive decay chains is
simplified by dividing it into two parts. One in which
we study the decay chain when there is no independent

production of any nuclide of the chain and other where

we take into account independent production.

Case 1. Decay Chain with no Independent Production

In this case the system of differential equations
governing the number of atoms of each nuclide as a function

of time are:

da, (t)
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an, (t)
gt = Ki2 B (8) - u, Ay (E) (26)

an, ()

—35— = k3 Ay (E) + Ky Aj() - uy A (t) (27)

dAz(t) z-1
e 2 __ mzl Koz Bn(t) - u

z B, (t) (28)

We define E, = e Uit i=1,2,3, ... 2z (29)

and solve the first three equations. By direct

integration we get

_ .0
A, (t) = a] Eq (30)
t E,dt!'
— 0 1 0
Ay (t) = ko, A] ('Ez fo E) } + A, E, (31)
t E.dt’ 0
0 1 t k,,A
A (t) = k., A {E 1271
3 13 71 3 75 E, + Ky [E3 . E;

t E dt’ 0 t E,dt’
{Ez fo E; }dt]+k23A2 (E3 fo E] }

+ AL E (32)
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where

Ai = initial number of atoms (at t = 0)
Equations (30), (31), and (32) can be put in a simple form
by defining E factors and using exponential recurrence

relations.

t Eidt' El - Ej
= E = - u, #u., j =1, 2, 3,....2
ij J o Ej ug i i J ror
(33)
t E..dt' E.. -
_— ij - _17 ik
ijk k o Ep U - Uy
k=1, 2, 3, . . . 2 and
u. # uj # U (34)
t E.. dat’ E.. - E,
. =g [ Lik---y = _ijk-—-y Jk---yz
ijk---yz z o Ez u, - u;
for us # uj # U # ... u, (35)
Now equations (30), (31), and (32) can be written as
A () =adE
1 171 (36)
A (t) = k., AD E__ + 2l e (37)
2 12 "1 712 2 72
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+ Ag E (38)

The above equations indicate a symmetry which we can
exploit to write the solution for the fourth nuclide in

the chain.

0
Ay(t) =2y {-k12k23k34E1234 toKiokoaBras t Ky3kguEay

0 0
+ k14E14} + A, {jk23k34E234 + k24E24} t Ay kgFay
+ 20 g (39)
Define

G, . k..E..
ij 13 13

Cisx = ¥i3¥5kBisx

Cigk-—-yz = Kigkye:. . Kyz) Bigp__yp) (40)
We get
0
A (t) = A) B (41)
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A,(t) = Ay Gy, + A, E, (42)
A,(t) = AO G + G + AO G + A0 E (43)
3 1 123 13 2 723 373

+a% g+ Ag E (44)

Again we see a symmetry in the equations and we can write
the number of atoms of any nuclide in the chain. A closer
look at the G-factors indicate that if interpreted
correctly, the method of solving all the differential
equations reduce to tracing the possible branching paths

th th

from i~ to j nuclide.

Identifying Gijk---yz

the probability that an atom of the ith type will be

as path function which represents

transformed into z atom by a specified path jk---y in time
t, considerable simplification in mathematics is achieved.

Note also that function G, occurs in the solution

ijk-=--yz

of zth differential equation.
There are two ways to calculate the total number

of possible paths from nuclide i to nuclide z. Note that

there are (z-i-1l) nuclides which occur between i and jth

nuclide and there are only two possibilities for any

nuclide between i and j, either to be included in the
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branching path or excluded. Considering (i + l)t}1 to
(j = 1) nuclide together the total number of possible

paths are obtained simply by multiplication.

(2)z—i-1

(2) 541 g4 24437772,

Ssame result will be obtained by considering the number of
ways in which intervening nuclides can be included or

excluded in branching paths.

There are z—i-lC ways which exclude all nuclides between
o
i and j.

There are z-i-lC ways which include only one nuclide
1

between i and z.

z-i-lC ways which include two nuclides
2

between i and z.

z-i—lC ways which include all (z-i-1)
z-i-1
nuclides between i and z.

So the total number of ways is just the sum of all the

terms above

z--1-lC + z-1-1C + z-1-1C

)
+ m—- z-i-1 =
o 1 2 Ca—i =
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which is

1 + (z-i-1) + (z-i-1) (z-i-2) + (z-i-1) (z-i-2) (z-i-3) +
2! 3:

(1 + l)z-i-l _ 2z-i—l

The total number of terms required in the solution for

any nuclide z is given by

z-1

1+ (2)2—1-1

=1

The reason for adding one is due to the fact that we have
term A: E, which is present because of initial atoms of
zth nuclide.

The path specific probability function G defined can

be calculated by the simple recurrence relation

Gijk---yz

or from the E factor

Cijk---yz = Xij ¥yk-am *yz Eijxoc_ys
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It is clear from Eg. (34) that for u, = u,, the E
factors are not defined. An alternate expression can be
deveioped for such cases. These will be considered
in the next section.

The general solution to the zth differential equation
can now be written as Ag EZ plus the sum of all the path
specific probability functions multiplied by initial
amount of the originating nuclide. Thus, the solution of
zth differential equation reduces to the problem of
determining all possible paths to the ztP nuclide. For
further simplicity we introduce cummulative transfer
function G(t, i+z) which is defined as the probability
that an atom of the ith nuclide will be transformed into
nuclide z through all possible paths in time t. From
definition it is clear that cummulative transfer function
G(t,i+2z) is the sum of all the path specific probability
functions for transformation of nuclide i to z and can be

represented by:

G(t,i=+z) = 7} Gy jk-—nz

The solution in terms of G(t, i+ 2z) becomes

z-1

A_(t) = )
z i=1

0 . 0
AL G(t, i~+z) + A, E) (45)
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we note that in many cases branching factors are zero

which makes probability function Gi zero for the

jk-—-yz

simple reason that Gi depends on kij which is

jk---yz
clear from Equation (40). Hence if a particular branching
fraction kij is zero then there is no need of computing

G factors which include kij'

Case 2. Independent Production of Radionuclide Included

Assuming initial amount of each nuclide to be zero,
the general differential equations, including independent

production are:

—at - Fp T u A (®)
aa, (t)
gt~ kyp B () + Py - uy Aj(t)
dA3 (t)
—at — = Ky3 Bp(t) + kyg Aj(t) + Py - oug Ag(E)
dAz(t) z-1
T = mzl LS A(t) + P, - u, A (t) (46)

The solution of these differential equations are developed

in similar manner. We define
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-u,t
E;, = e
ft Bt E; - E
E = E = - j =1, 2, « « . 2
t E,. at E,, - E.
E =g [ 2lk---y ijk=--y ~ ®jk---yz

forui#uj#uk#uz

and take uO =0

Further, we define new E terms. They are

EEpydt Boi ~ ij
E = E = — j =1, 2, 3 ..z,
0o1] J o Ej uj uo
u. 0
57
t 2 dt E_.. - E..
E .. = E f O1}-—--y _ _Oij---y ijk---2
HTTYE L e B Yz T % (48)
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similarly we define path specific probability function.
subscript zero is used to distinguish from the previous

case (with no independent production)

= (k

Goijk---yz ij ¥yk---Kyz)

Eoijk---yz

As in the previous case G represents the

oijk---yz
probability that anatom of the ith nuclide will be produced
and then transformed into the nuclide specified by the
last subscript by the path indicated by the intervening
subscripts in time t. Using the recurrence relation

_ %4z Boijk---y T Cijk---yz

G .. =
oijk---yz u, - u,

the function G can be calculated again in similar manner.
The cummulative transfer probability function in this case
is written G(t, o 1 » z) with the same definition as
before. The general solution (without initial atoms) is

A, (£) (49)

il
o~

Pi G(t, oi » z) + Pz Eoz
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If we include the initial atoms present with independent

production, the general solution is then sum of Eq. (45)

and Eq. (49)

z-1 0 0
Az(t) = izl Ai G(t, l'*Z) + Pi G(t,‘*Ol Z)} + AZ EZ

+ P, EOZ (50)

Treatment of singularities. Two classes of sing-

ularities exist which must be treated separately. They
are encountered when
a) The total removal constant for the first and
last nuclide in a given transformation path containing
at least three nuclides are equal. There should be at
least one intermediate nuclide with unique removal constant.
b) The total removal constant for all nuclides in a

given transformation path are equal.

These singularities can be treated by noting the symmetry
of E factors which were developed earlier. E factors are
symmetric functions of their arguments. This can be shown

easily.

-u,t -u,t -u,t
E _ e 1 e 2 e 3

123 © Tu,-up) (ug-uy) + (@, -u,) (uymu,) * (a;u3) (u,-uy)

which implies
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The equivalence of E factors can be utilized in the treat-

ment of singularities.

_ BBy _ BBk

E.., = E.. . — — for u, = u,_ # u.
ijk ikj uj u, uj u; i k 3
E,...-E. E,...-E.
- = 131 91k _ Tijl "jkl _
E,. = E,. = - = — for u, = u. # u
ijkl ijlk U, -u, u, -u, i k
E.. .-E.
- - _ikl Tjkl _
Eijkl = Eiklj TR for u, = u, # uy
- - E _ Eik———yz-Ejk—-—-yz
ijk=-==-yz ik==--yzj uj--ui

for u; = ou, # uj

where j is any integer between i and z.

For the second class of singularities, we integrate

directly.
t Eidt
E = E. =t E. =t E, for u, = u.
1j J o Ej 1 1 J
tt Ei t2 Ek t2 El
ik TP ) TEC T v T pr foruwy =uy=wy
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; ft t(z"l'l)Eidt t E,

B . = E o = -1

ijk=--2 Z o (z-1 l)!EZ (z-1)!
for u., = uj = uk = .....uz

These expressions easily remove the singularities when
encountered. Some useful relations involving derivatives

and integrals of E factors can be developed.

Define
dEi
Dy = | =4 By
and
t l-Ei
I, = J E;dt = —
o i

The recurrence relation are

_ ij _ i Jj
i 3t u) for u, # u.
dEijk Dl] ~ Pk
ijk - at 0y - u for bt # Yk
D. - D,
ik jk -
T for u, u, # U
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and
t Ii - I.
Iy~ fo Eijdt = ﬁ;_:_ﬁi for u; # uy
It Ii. - I.k
= E.. dt = ————:——l— for u; # u
ijk o 1ijk . u, i k
I., - I,
ik Jk for u, = u, # u.
uj - uy i k 3

dEi'
Dij = g = Ei(l - uit) for u;, = uj
dEi'k ult
Dljk = ——a%—— = tEi(l —'—5—) for u, = uj = u,
) dE. . g(z-i- g u.t
D ijk---2 . i E. (1 - _i_)
ijk---2z dt (z=-1-1). i z-1
for u, = uJ = w = uz.
and
t 1
I..= [ E,.dt= [ tE.dt ==— (E_, - tE,)
ij o ij o i uy oi i
u, = u

IS LR




Iiik—mmz

_ (z-i)!

2

L

25 Eoi ™ El(E— + Z%)

u’ u’
i i
u, = u. = u

z-i-1 s (z-i-Y)
oi _ Ei { z (z-1) 't
y=0 il Y+1
(z-1i Y)!ui
uj =y =u
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Table 3.1

1ist of the Path Specific Probability Functions, G for Radionuclide
Chains Containing from 2=1 to Z=6 Nuclides

50

2=2 2=3 Z=4 z=5 2=6
one €12 €123 €1234 €12345 €123456 €156
€13 €134 €1235 €12346 €146
€23 €134 €1245 €12356 €136
€234 €1345 €12456 €126
€14 €2345 €13456 €256
€24 €125 €23456 €246
€34 €135 €1236 €236
€145 €1246 €356
€335 €1346 €346
€245 €1256 €16
€345 €1356 €26
€15 €1456 €36
€25 €2346 €46
€35 €2356 €5
€45 €2456




CHAPTER FOUR

MIKU Program

The block diagram of program MIKU which was written

by R. E. Miles (Ref. 7) is shown in Fig. 6. This program
consists of the various subroutines indicated in Fig. 6.
Some of the subroutines like GSPEC do not exist at the
present time but will be developed later. GSPEC will
make it possible to compute the gamma spectrum as a
function of time.
Input instructions for MIKU are also given and they
are self-explanatory. Decay chains and isotope I.D.
numbers are given in Appendix A. Fission yield data for
all isotopes is given in Appendix B. This program takes
little CPU time and input instructions are such that a
beginner can run the program without any difficulty.
Some of the subroutines are briefly discussed.
Power - this subroutine determines fission rate
CDATA - calls input
DECAY - this subroutine converts half life into
decay constant
UTEST - this subroutine multiplies decay constant
by branching factors. Also it tests for
singularity.
SCALER -~ this subroutine multiplies a matrix by a

scaler



MULTI
EQUAL

MVMUL

VADD

OUTPUT
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multiplies two matrices

sets one matrix equal to other

this subroutine gives the product of matrix
times a vector

it adds two vectors

this subroutine is used to control the

printed output.
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Program MIKU Input Instructions

card 1
NPROB = The number of separated unrelated problems
to be run as stacked cases.
Card 2
TITLE = Title for problem (columns 1 through 80
allowed).
Card 3

NC Number of chains

{0 First NC library chains to be used
CLC =
1 NC selected library chains are to be used

0 Matrix exponential method is used to solve

METHOD =
the decay equations,
1 GFAC method is used to solve the decay
equations.
NTI = The number of separate time intervals for
the problem.
VOL = The volume of the Fission Product or Neutronic
System
FXSEC(l) = U-235 thermal fission cross section in barns
FXSEC(2) = U-235 fast fission cross section in barns
FXSEC(3) = U-235 high energy fission cross section in

barns

FXSEC (4) U-238 thermal fission cross section in barns




FXSEC (5)

FXSEC (6)

FXSEC(7)

FXSEC (8)

FXSEC(9)

FXSEC (10)
FXSEC (11)

FXSEC(12)

FXSEC(13)
FXSEC (14)

FXSEC(15)

FXSEC (16)
FXSEC(17)

FXSEC(18)

Card 4

CN(I)

55

U-238 fast fission cross section in barns
U-238 high energy fission cross section in
barns

Pu-239 thermal fission cross section in

barns

Pu-239 fast fission cross section in barns
Pu-239 high energy fission cross section in
barns

Pu-241 thermal fission cross section in barns
Pu-241 fast fission cross section in barns
Pu-241 high energy fission cross section in
barns

U-233 thermal fission cross section in barns
U-233 fast fission cross section in barns
U-233 high energy fission cross section in
barns

Th-232 thermal fission cross section in barns
Th-232 fast fission cross section in barns
Th-232 high energy fission cross section in

barns

(Required if CLC = 1)

NC chain ID numbers
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card 5

FRATIO(1l) = Thermal Flux Ratio

FRATIO(2) = Fast Flux Ratio

FRATIO(3) = High Energy Flux Ratio (10.0 to 20.0 MevV)

The above flux ratio values can be entered as ratios or as
the actual flux values. For a decay interval with no
buildup these ratio should be specified as zero. If the
actual flux values used and P is specified as 1.0 then the
Power is computed from the fission rate. If P is specified
as 0.0 then the Flux ratios are set to zero. Otherwise

the FR is computed from the specified reactor power.

ARATIO(1l) = U-235 atom ratio
ARATIO(2) = U-238 atom ratio
ARATIO(3) = Pu-239 atom ratio

ARATIO(4) = Pu-241 atom ratio
ARATIO(5) = U-233 atom ratio
ARATIO(6) = Th-232 atom ratio
P = Reactor Power in Megawatts thermal
T = Length of the time interval in hours
DBUG = 0 - Standard output is printed
1 Special debug information is printed
2 GFAC factors are printed
3 Triple precision results are printed

4 Special TSO output is requested




Repeat CARD 5 for each of the NTI time intervals
Repeat CARDS 2, 3, 4, and 5 as necessary for each

additional problem.
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CHAPTER FIVE

Results and Discussion

The MIKU program was run for the following cases:

a) Detailed study of Cs-137 and I-131 activities
for 1000, 2000, and 3000 MW reactor power as
function of reactor operation time and for
different fuel enrichments (3% and 90%).
Results were obtained for both Mexp and G-factor
methods.

b) Total activity of all fission products for 1000
MW reactor power with 3% enriched fuel as
function of reactor operation time using Mexp
method.

c) Comparison of CPU time for Mexp and G-factor
methods for 1000 MW reactor power with 3%
enriched fuel as function of reactor operation
time.

d) Total activity of all fission products as a
function of time when 1000 MW reactor with 3%
enriched fuel is periodically shut down and
operated again.

It should be noted that when MIKU program is run with
stacked cards (for different time intervals) the activity

is given for the total time. For example, if three cards
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are stacked together with one year time on each for some
reactor power, the first result for the activity will be
after one year, the second value of activity will be
after two years and third value of activity will be after
three years. Only in case (a) where activities of Cs-137
and I-131 are studied, the program was run with stacked
cards and the time shown in the column is time punched
on individual cards. Therefore the previous time intervals
should be added to get correct value for time. The
activity shown for one minute is therefore activity after
one minute and thirty-one seconds. 1In cases (b) and (c)
the program was run separately for different time intervals
and therefore the tables for them show time without any
ambiguity. In case (d) the program was run with stacked
cards because of the nature of the problem.

The data used in MIKU program is given in Appendices
A and B. The half lives, branching factors and fission
yields for 192 chains having 798 isotopes were collected
and stored in the computer.

All the results are presented in tabular form.




Reactor Power 1000 MW

Table 5.1 (a).

Mexp Method

Growth and Decay of Cs-137

Fuel enrichment 3%

60

Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 4.1920+16 0.0 8.249E-04
30 sec 2.7060Q+18 1.4840Q+17 5.617E-02
1 min 8.9820+18 1.0740Q+19 3.881E-01
30 min 2.8850+21 1.769Q+20 5.966E+01
1 hr 6.3750+21 3.70+21 1.983E+02
24 hr 1.6840+23 1.075Q+22 3.525E+03
1 month| 5.067Q+24 1.7950+23 1.032E+05
1l yr 6.1010+25 5.128Q+24 1.301E+06
10 yr 5.515Q+26 5.257Q+25 1.189E+07
1000 yr| 2.688Q+27 6.4550Q0+16 5.289E+07
10%yr 2.6880+27 1.553Q-06 5.289E+07
Table 5.1 (b)
G-Factor Method
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1l sec | 4.1920+16 6.0 8.249E-04
30 sec | 2.7060Q+18 1.4840Q+17 5.617E-02
1 min | 8.9820+18 1.0740Q0+19 3.881E-01
30 min | 2.855Q0+21 1.769Q+20 5.966E+01
1l hr 6.3750+21 3.70Q+21 1.983E+02
24 hr 1.684Q+23 1.075Q+22 3.525E+03
1 month{5.067Q+24 1.795Q+23 1.032E+05
1 yr 6.101Q+25 5.128Q+24 1.301E+06
10 yr 5.5150+26 5.257Q+25 1.189E+07
1000 yr|2.6880Q+27 6.4550+16 5.289E+07
10°yr |2.6880+27 0.0 5.289E+07




Table 5.2 (a)
Reactor Power 2000 MW Fuel enrichment 3%

Mexp Method

Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 8.385Q+16 0.0 1.650E-03
30 sec 5.413Q+18 2.968Q+17 1.123E-01
1 min 1.796Q+19 2.148Q+19 7.762E-01
30 min 5.7110+21 3.538Q+20 1.193E+02
1 hr 1.275Q+22 7.401Q0+21 3.965E+02
24 hr 3.368Q+23 2.149Q+22 7.051E+03
1 monthl 1.0130+25 3.590Q+23 2.065E+05
1 yr 1.220Q+26 1.026Q+25 2.603E+06
10 yr 1.1030Q+27 1.051Q0+26 2.377E+07
1000 yx] 5.376Q+27 1.291Q+17 1.058E+08
10°yr 5.376Q+27 3.106Q-06 1.058E+08
Table 5.2 (b)
G-Factor Method
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1l sec 8.3580Q+16 0.0 1.650E-03
30 sec 5.413Q+18 2.968Q+17 1.123E-01
1 min 1.796Q+19 2.1480Q+19 7.762E-01
30 min 5.711Q0+21 3.538Q+20 1.193E+02
1 hr 1.275Q+22 7.4010+21 3.9650+21
24 hr 3.368Q+23 2.149Q+22 7.051E+03
1 month| 1.0130+25 3.5900Q+23 2.065E+05
1l yr 1.220Q+26 1.026Q+25 2.603E+06
10 yr 1.103Q+27 1.051Q+26 2.377E+07
1000 yr| 5.376Q+27 1.291Q+17 1.058E+08
10°yr 5.376Q+27 0.0 1.058E+08




Reactor Power 3000 MW

Table 5.3(a)

Mexp Method

Fuel enrichment 3%

62

Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 1.258Q+17 0.0 2.475E-03
30 sec 8.1990+18 4.452Q+17 1.685E-01
1 min 2.6950+19 3.2220+19 1.164E+00
30 min 8.566Q+21 5.307Q+20 1.79E+02
1 hr 1.9130+22 1.1100Q+22 5.948E+02
24 hr 5.0520Q0+23 3.224Q+422 1.058E+04
1 month 1.5200+25 5.385Q+23 3.097E+05
1 yr 1.8300Q+26 1.5390+25 3.904E+06
10 yr 1.6540+27 1.5770+26 3.566E+07
1000 vyr 8.064Q+27 1.936Q+17 1.587E+08
10%yr 8.064Q+27 4.659Q-06 1.587E+08
Table 5.3 (b)
G-Factor Method
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 1.258Q+17 0.0 2.475E-03
30 sec 8.1190+18 4.4520Q+17 1.685E-01
1 min 2.695Q+19 3.222Q+19 1.164E+00
30 min 8.566Q+21 5.307Q+20 1.79E+02
1 hr 1.9130+22 1.1100+22 5.948E+02
24 hr 5.052Q+23 3.224Q+422 1.058E+04
1 month 1.5200Q+25 5.3850+23 3.097E+05
1l yr 1.8300+26 1.5390+25 3.904E+06
10 yr 1.654Q+27 1.577Q+26 3.566E+07
1000 yx 8.0640Q+27 1.9360+17 1.587E+08
10°%yr 8.064Q+27 0.0 1.587E+08




Table 5.4 (a).

Reactor Power 1000 MW

Growth and Decay of I-131

Mexp Method

Fuel enrichment 3%

63

Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 1.2880Q+15 0.0 3.474E-02
30 sec 4.7710+16 1.920Q+15 1.338E+00
1 min 1.152Q+17 9.4950+16 5.668E+00
30 min 1.307Q+20 1.677Q+19 3.978E+03
1 hr 6.6800Q+20 9.506Q+20 4.365E+04
24 hr 6.3360Q+22 4.1600+21 1.821E+06
1 month| 8.1930+23 6.0140+21 2.226E+07
1l yr 8.8790Q+23 1.8310+10 2.395E+07
10 yr 8.8790Q+23 0.0 2.395E+07
1000 yr| 8.8790Q+23 0.0 2.395E+07
10%yr 8.879Q+23 0.0 2.395E+07
Table 5.4 (b)
G-Factor Method
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec | 1.2880+15 0.0 3.474E-02
30 sec | 4.771Q+16 1.9200+15 1.338E+00
1 min | 1.152Q+17 9.495Q+16 5.668E+00
30 min | 1.307Q+20 1.677Q+19 3.978E+03
1 hr 6.6800Q+20 9.5060+20 4.365E+04
24 hr 6.336Q+22 4.1600+21 1.821E+06
1 month{ 8.193Q+23 6.0140+21 2.226E+07
1l yr 8.8790Q+23 1.831Q+10 2.395E+07
10 yr 8.8790+23 0.0 2.395E+07
1000 yr| 8.879Q+23 0.0 2.395E+07
10°yr |8.879Q+23 0.0 2.395E+07




Table 5.5 (a)

Reactor Power 2000 MW Fuel enrichment 3%
Mexp Method
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 2.5760Q+15 0.0 6.947E-02
30 sec 9.542Q+16 3.841Q+15 2.677E+00
1 min 2.304Q+17 1.899Q+17 1.134E+01
30 min 2.615Q+20 3.354Q0+19 7.955E+03
1 hr 1.336Q+21 1.9010+21 8.730E+04
24 hr 1.267Q+23 8.32Q+21 3.642E+06
1 monthl 1.639Q+24 1.203Q+22 4.451E+07
1 yr 1.7760+24 3.6620Q0+10 4.789E+07
10 yr 1.7760Q+24 0.0 4.789E+07
1000 yr| 1.776Q+24 0.0 4.789E+07
105yr 1.7760+24 0.0 4.789E+07
Table 5.5(b)
G-Factor Method
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1l sec| 2.5760Q+15 0.0 6.947E-02
30 sec| 9.542Q+16 3.8410Q0+15 2.677E+00
1 min| 2.304Q+17 1.8990Q+17 1.134E+01
30 min| 2.615Q+20 3.354Q+19 7.955E+03
1 hr 1.3360+21 1.9010+21 8.730E+04
24 hr 1.267Q+23 8.3200+21 3.642E+06
1 month| 1.639Q+24 1.203Q+22 4.451E+07
1l yr 1.776Q+24 3.662Q+10 4.789E+07
10 yr 1.776Q+24 0.0 4.789E+07
1000 yr| 1.776Q+24 0.0 4.789E+07
105yr | 1.776Q+24 0.0 4.789E+07




Table 5.6 (a)

Reactor Power 3000 MW Fuel enrichment 3%

Mexp Method

Buildup Decay Activity

Time (atoms) (atoms) (Curies)

1 sec 3.8640+15 0.0 1.042E-01
30 sec 1.4310+17 5.7610+15 4.015E+00

1 min 3.457Q+17 2.8490Q+17 1.70E+4+01
30 min 3.9220+20 5.0300+19 1.193E4+04

1 hr 2.0040+21 2.8520+21 1.310E+5
24 hr 1.901Q+23 1.2480+22 5.463E+06
1 month} 2.4580Q+24 1.8040+22 6.677E+07
1 yr 2.664Q+24 5.493Q+10 7.184E+07
10 yr 2.6640Q+24 0.0 7.184E+07
1000 yrj 2.664Q+24 0.0 7.184E+07
10°yr 2.6640+24 0.0 7.184E+07

Table 5.6 (b)
G-Factor Method
Buildup Decay Activity

Time (atoms) (atoms) (Curies)

1 sec| 3.8640Q+15 0.0 1.042E-01
30 sec| 1.431Q+17 5.7610+15 4 ,015E+00

1 min| 3.457Q+17 2.8490+17 1.7E+01

30 min| 3.9220+20 5.0300+19 1.193E+04

1 hr 2.0040+21 2.8520+21 1.310E+05
24 hr 1.901Q+23 1.248Q+22 5.463E+06
1 month| 2.4580Q+24 1.804Q+22 6.677E+07

1l yr 2.6640Q0+24 5.4930+10 7.184E+07
10 yr 2.6640+24 0.0 7.184E+07
1000 yr| 2.664Q+24 0.0 7.184E+07
10°%yr 2.6640+24 0.0 7.184E+07




Table 5.7(a). Growth and Decay of Cs-137
Reactor Power 1000 MW Fuel enrichment 90%

Mexp Method

Buildup Decay Activity

Time (atoms) (atoms) (Curies)

1 sec 5.401Q+16 0.0 1.063E-03
30 sec 3.178Q+18 1.665Q+17 6.581E-02

1 min 1.00Q+19 1.127Q+19 4.187E-01
30 min 2.825Q+21 1.744Q+20 5.901E+01

1 hr 6.2950+21 3.6480Q0+21 1.957E+02
24 hr 1.661Q+23 1.059Q+22 3.476E+03

1 month 4.9960Q+24 1.770Q+23 1.018E+05

1 yr 6.016Q+25 5.056Q+24 1.283E+06
10 yr 5.437Q+26 5.184Q+25 1.172E+07
1000 yx{ 2.6500+27 6.364Q+16 5.215E+07
10°yr 2.650Q+27 1.5310-06 5.215E+07

Table 5.7 (b)
G-Factor Method
Buildup Decay Activity

Time (atoms) (atoms) (Curies)
1 sec 5.4010+16 0.0 1.063E-03
30 sec 3.1780Q+18 1.665Q+17 6.581E-02

1 min 1.000Q+19 1.127Q+19 4.187E-01
30 min 2.8250+21 1.744Q+20 5.901E+01

1 hr 6.295Q+21 3.6480Q+21 1.957E+02
24 hr 1.661Q+23 1.059Q+22 3.476E+03

1 month| 4.996Q+24 1.770Q+23 1.018E+05

1l yr 6.016Q+25 5.056Q+24 1.283E+06
10 yr 5.437Q+26 5.184Q+25 1.172E+07
1000 yr| 2.6500Q+27 6.3640Q+16 5.215E+07
103yr 2.6500Q+27 0.0 5.215E+07




Table 5.8(a)

Reactor Power 2000 MW Fuel enrichment 90%

Mexp Method

, Buildup Decay Activit
Time (atoms) (atoms) (Curies¥
1 sec 1.080Q+17 0.0 2.126E-03

30 sec 6.356Q+18 3.329Q+17 1.316E-01
1 min 2.0010Q+19 2.255Q+19 8.374E-01
30 min 5.6490+21 3.489Q+20 1.180E+02
1 hr 1.2590+22 7.297Q+21 3.913E+02
24 hr 3.321Q0+23 2.1190+22 6.952E+03
1 month 9.992Q+24 3.539Q+23 2.036E+05
1l yr 1.203Q+26 1.0110+25 2.566E+06
10 yr 1.087Q+27 1.0370+26 2.344E+07
1000 yr 5.301Q+27 1.2730+17 1.043E+08
10°%yr 5.301Q+27 3.0630Q-06 1.043E+08

Table 5.8(b)
G-Factor Method

Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1l sec 1.080Q+17 0.0 2.126E-03
30 sec 6.3560Q+18 3.3290+17 1.316E-01
1l min 2.001Q+19 2.255Q+19 8.374E-01
30 min 5.6490+21 3.4890+20 1.180E+02
1l hr 1.259Q+22 7.297Q+21 3.913E+02
24 hr 3.321Q+23 2.119Q+22 6.952E+03
1 month 9.992Q+24 3.5390+23 2.036E+05
1l yr 1.203Q+26 1.011Q+25 2.566E+06
10 yr 1.087Q+27 1.037Q+26 2.344E+07
1000 yr 5.301Q+27 1.273Q+17 1.043E+08
10%yr 5.301Q+27 0.0 1.043E+08
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Table 5.9(a)

Reactor Power 3000 MW Fuel enrichment 90%

Mexp Method

Buildup Decay Activity

Time (atoms) (atoms) (Curies)

1l sec 1.6200Q0+17 0.0 3.188E~03
30 sec 9.5340Q+18 4.9940Q0+17 1.974E-03

1 min 3.0010+19 3.382Q+19 1.256E+00
30 min 8.4740Q+21 5.2330+20 1.770E+02

1 hr 1.8890Q+22 1.095Q+22 5.870E+02
24 hr 4.9820+23 3.1780+22 1.043E+04 '
1 month | 1.4990Q+25 5.309Q+23 3.054E+05 |
1 yr 1.805Q+26 1.5170+25 3.85E+06 -
10 yr 1.6310+27 1.555Q+26 3.516E+07 |
1000 yr | 7.951Q+27 1.9090+17 1.565E+08

10° yr | 7.9510+27 4.594Q-06 1.565E+08

Table 5.9 (b)
G~Factor Method
Buildup Decay Activity

Time (atoms) (atoms) (Curies)

1 sec | 1.620Q0+17 0.0 3.188E-03

30 sec | 9.5340+18 4.9940+17 1.974E~03

1 min | 3.001Q+19 3.3820+19 1.256E+00

30 min | 8.4740Q+21 5.233Q0+20 1.770E+02

1 hr 1.889Q+22 1.0950+22 5.870E+02

24 hr 4.9820+23 3.1780+22 1.043E+04

1 month| 1.4990+25 5.3090+23 3.054E+05

1 yr 1.8050+26 1.517Q+25 3.85E+06

10 yr 1.6310+27 1.555Q+26 3.516E+07

1000 yr| 7.951Q+27 1.909Q+17 1.565E+08

10°yr 7.9510+27 0.0 1.565E+08
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Table 5.10(a). Growth and Decay of I-131

Reactor Power 1000 MW Fuel enrichment 90%

Mexp Method

Buildup Decay Activity
Time (atoms) (atoms) (Curies)
[
1 sec 1.4700+15 0.0 3.964E-02
30 sec 6.0140+16 2.5810+15 1.692E+00
1 min 1.543Q+17 1.3800+17 7.882E+00
30 min 1.6060Q0+20 1.991Q+19 4,868E+03
1 hr 7.8610+20 1.0880+21 5.055E+04
24 hr 7.191Q+22 4.728Q+21 2.067E+06 !
1 month 9.366Q+23 6.8880+21 2.544E+07
1 yr 1.0150+24 2.097Q+10 2.738E+07
10 yr 1.0150Q0+24 0.0 2.738E+07 p
1000 yr 1.0150Q0+24 0.0 2.738E+07
10%yr 1.0150+24 0.0 2.738E+07 !
[
f
\
i
Table 5.10(b) {
1]
G-Factor Method -
Buildup Decay Activity
Time (atoms) (atoms) (Curies)
1 sec 1.4700+15 0.0 3.964E-02
30 sec 6.0140+16 2.581Q+15 1.692E+00
1 min 1.543Q+17 1.380Q+17 7.882E+00
30 min 1.606Q+20 1.991Q+19 4,868E+03
1 hr 7.8610+20 1.0880+21 5.055E+04
24 hr 7.191Q+22 4,7280+21 2.067E+06
1 month|] 9.366Q+23 6.8880+21 2.544E+07
1l yr 1.0150+24 2.0970+10 2.738E+07
10 yr 1.015Q+24 0.0 2.738E+07
1000 yx] 1.015Q+24 0.0 2.738E+07
10°%yr 1.015Q+24 0.0 2.738E+07




Reactor Power 2000 MW

Table 5.11(a)

Fuel

Mexp Method

enrichment 90%

Buildup Decay Activity

Time (atoms) (atoms) (Curies)
1 sec 2.9400Q+15 0.0 7.929E-02
30 sec 1.203Q+17 5.163Q+15 3.383E+00
1 min 3.0860+17 2.7590+17 1.576E+01
30 min 3.212Q+20 3.9820Q+19 9.736E+03
1 hr 1.572Q+21 2.177Q+21 1.011E+4+05
24 hr 1.4380+23 9.457Q+21 4.134E+06
1 month 1.8730Q0+24 1.378Q+22 5.089E+07
1l yr 2.0300+24 4.1940+10 5.476E+07
10 yr 2.030Q+24 0.0 5.476E+07
1000 vyr 2.0300+24 0.0 5.476E+07
10°yr 2.0300Q+24 0.0 5.476E+07

Table 5.11 (b)
G-Factor Method

Buildup Decay Activity

Time (atoms) (atoms) (Curies)
1 sec 2.9400Q+15 0.0 7.929E-02
30 sec 1.203Q0+17 5.163Q+15 3.383E+00
1 min 3.086Q+17 2.759Q+17 1.576E+01
30 min 3.2120Q+20 3.9820+19 9.736E+03
1 hr 1.572Q+21 2.1770+21 1.011E+05
24 hr 1.4380Q+23 9.457Q+21 4.134E+06
1 month| 1.873Q+24 1.3780Q+22 5.089E+07
1l yr 2.0300+24 4.194Q+10 5.476E+07
10 yr 2.030Q+24 0.0 5.476E+07
1000 yr{ 2.0300+24 0.0 5.476E+07
10°%yr 2.0300Q+24 0.0 5.476E+07




Table 5,12 (a)

Reactor Power 3000 MW

Mexp Method

Fuel enrichment 90%

Buildup Decay Activity

Time (atoms) (atoms) (Curies)
1 sec 4.410Q+15 0.0 1.189E-01
30 sec 1.804Q+17 7.744Q+15 5.075E+00
1 min 4.629Q+17 4.1390Q+17 2.365E+01
30 min 4.818Q+20 5.973Q+19 1.460E+04
1 hr 2.358Q+21 3.265Q+21 1.517E+05
24 hr 2.157Q0+23 1.4190+22 6.200E+06
1 month| 2.8100Q+24 2.066Q+22 7.633E+07
1l yr 3.0460Q+24 6.291Q+10 8.214E+07
10 yr 3.0460Q+24 0.0 8.214E+07
1000 yrj 3.046Q+24 0.0 8.214E+07
10°yr 3.046Q+24 0.0 8.214E+07

Table 5.12(b)
G-Factor Method

Buildup Decay Activity

Time (atoms) (atoms) (Curies)
1 sec 4.410Q+15 0.0 1.189E-01
30 sec 1.804Q+17 7.744Q+15 5.075E+00
1 min 4.629Q+17 4.1390+17 2.365E+01
30 min 4.8180+20 5.973Q+19 1.460E+04
1 hr 2.358Q+21 3.265Q+21 1.517E+05
24 hr 2.157Q+23 1.4190+22 6.200E+06
1 month| 2.810Q+24 2.066Q+22 7.633E+07
1 yr 3.0460Q+24 6.2910+10 8.214E+07
10 yr 3.0460Q+24 0.0 8.214E+07
1000 yr| 3.0460Q+24 0.0 8.214E+07
10°yr 3.0460+24 0.0 8.214E+07
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Table 5.13

Study of Cs-137

Fuel Enrichment 90%

' Reactor Power 1000 MW Reactor Power 3000 Mw
(522?5) Activity (Curies) Activity (Curies)
4 4.576E+06 1.373E+07
10 1.070E+07 3.21E+07
20 1.92E+07 5.761E+07
30 2.596E+07 7.88E+07
40 3.133E+07 9.4E+07
50 3.560E+07 1.068E+08
60 3.90E+07 1.170E+08
70 4.170E+07 1.251E+08
80 4.384E+07 1.315E+08
90 4 .555E+07 1.366E+08
100 4.690E+07 1.407+08
110 4.798E+07 1.439E+08
120 4.883E+07 1.465E+08
130 4.951E+07 1.485E+08
140 5.006E+07 1.502E+08
150 5.049E+07 1.515E+08
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Table 5.14
Study of 1I-131

Fuel Enrichment 90%

Reactor Power 1000 MW Reactor Power 3000 MW

Time
(Days) Activity (Curies) Activity (Curies)
2 3.906E+06 1.172E+07
4 7.508E+06 2.252E+07
6 1.062E+07 3.158E+07
8 1.326E+07 3.978E+07
10 1.549E+07 4.647E+07
12 1.737E+07 5.212E+07
14 1.896E+07 5.687E+07
16 2.029E+07 6.087E+07
18 2.141E+07 6.424E+07
20 2.236E+07 6.707E+07
22 2.315E+07 6.946E+07
24 2.382E+07 7.147E+07
26 2.439E+07 7.316E+07
28 2.486E+07 7.458E+07
30 2.526E+07 7.578E+07




Table 5.15
Study of Total Activity

Reactor Power 1000 MW Fuel Enrichment 3%

Activity of all
Fission Products

Time (hours) (Curies)
2.77E-04 1.416E+08
1.0E+01 1.145E+09
2.0E+01 1.204E+09
4.0E+01 1.257E+09
8.0E+01 1.300E+09
2.0E+02 1.352E+09

4.0E+02 1.390E+09




Table 5.16

75

Comparison of CPU Time Taken by G-Factor and Mexp Methods

(Reactor Power 1000 Mw, Fuel Enrichment 3%)
for Total Activity of all Fission Products

Reactor Operation Mexp Method G-Factor Method
time (hours) CPU time (min) CPU time (min)
2.77E-04 0.29 0.28
8.333E-03 0.30 0.28
0.0166 0.30 0.28
0.5 0.33 0.28
1.0 0.33 0.28
24.0 0.35 0.28
720.0 0.38 0.28
8760.0 0.40 0.28
8.76E+04 0.42 0.28
8.76E+06 0.46 0.28

8.76E+08 0.50 0.28
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DISCUSSION

It is seen that the matrix exponential and G-factor
methods give the same inventory for the fission products
indicating thereby that the approach to a problem is not
important as long as it is based on sound reasoning. Both
methods give exactly the same result upto four significant
figures listed. Typically, the result agree to 10
significant figures or more.

The first step in the project was to study the matrix
exponential and G-factor methods and to get a good under-
standing of the technigues involved. Both methods have
strong and weak points. The calculations for the matrix
exponential method are much more involved and are based
on the solution of matrix differential equations. On the
other hand, the concepts used in the G-factor method are
extremely simple. Moreover, the G-factor method uses less
CPU time as compared to that for matrix exponential
method. The G-factor method, however, suffers from the
limitation that it is unable to handle reverse branching
and, therefore, does not provide a general solution to the
decay problem.

The data (branching factors, half lives and fission
yields) for 192 decay chains involving 798 isotopes were
collected from literature and are reproduced in Appendices

A and B. A stable isotope was assumed to have the half-
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life of 1015 years. This data was stored in the computer
and was used in computations based on the program MIKU
which was developed by us for our specific use.

The program MIKU was run for different operating
conditions of the reactor and the results are listed in
Table 5.1(a) to 5.16). Table 5.1(a) to Table 5.14 give
the activities of Cs-137 and I-131 for different fuel
concentrations and reactor power for various reactor
operating times. The results for both the methods have
been listed. It should be noted that I-131 is getting
contributions from two members of decay chain (Appendix A)

namely, M and Te and, therefore, activity of I-131 is

Te
obtained without neglecting any contribution. Cs-137
however, gets contribution only from Xe-137. MIKU is a
very powerful and accurate computer program as it includes
all branches (contributions).
Tables 5.1(a) to 5.14 show that when the reactor
power is increased by a factor of two or three, the
activity is also increased by the same factor. This result
was expected because of the linearity of the equation used
to calculate the activity of the fission products.
Activities of Cs-137 and I-131 (Table 5.13 and 5,14)
are, respectively, plotted in Fig. 7 and 8. It is
observed that the activity of Cs-137 saturates after about

100 years of reactor operation whereas I-131 gets saturated

in about 20 days. This occurrence of saturation is
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supported by theory (Ref. 6). It can be shown that when
the rate of production of the parent atom is constant in
time, the activity of daughter atom reaches saturation
after 3 or 4 times its half-life. Cs-137 and I-131

have their respective half-lives as 30.17 years and 8.04
days and hence their saturation times agree with the
theoretical predictions.

Total activity for all the isotopes as function of
time for 1000 MW reactor power and 3% enriched fuel have
been computed and are listed in Table 5.15. The results
are also displayed graphically (Fig. 9).

One can derive important information which can be
very useful in radioactive waste disposal problem. One
can easily obtain the remaining activity in a radioactive
waste after certain length of time by simply putting the

reactor operating power as zero and follow the decay

chains for that length of time. This situation corresponds

to the natural radioactive decay process. One can,
therefore, easily estimate the time for which the
radioactive waste remains unsafe.

The CPU time required by both the methods are also

compared (Table 5.16). It is seen that the G-factor method

takes 0.28 minutes CPU time to calculate the total
activity of all the 798 isotopes for reactor operating

time from one second to 105 years. The Mexp method,
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however, requires different CPU time depending on the
reactor power. Comparison of CPU time show that the
G-factor method is better computationally.

A case study was done for a reactor which is operated
for one year (1000 MW power, 3% fuel enrichment) and then
shut down for one year (same power and fuel concentration).
The program was run with three stacked cards for three
one-year time intervals. The total CPU time for G-factor
method was 0.37 minutes and for Mexp method was 0.74
minutes. This shows that when the time intervals are
equal the computer does not take three times the time for
one interval but considerably less. This is because some

factors, which are common for a particular interval, are

not calculated in each computation, but only in the first.
Further study can be done by incorporating sub-
routine GSPEC which will compute gamma spectrum and can
help in determining source term for shielding calculations.
Activation libraries can also be included. Fuel manage-
ment and fuel depletion routines can be the next further
step in the study. To make the program more general,

actinide chain should also be included.
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APPENDIX B

Fission yield values are given in the following pages.
The first column represents the isotope I.D. numbers and
the ten numbers in each row are the fission yield values

for the following:

U-235T, U-235F, U-235HE, U-238F, U-238HE, Pu-239T, Pu-239F,

Pu-241T, U-233T, Th-232F.
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