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T, TO’ T1

a, b, z2h

u, v

NOTATION

Temperature distributions in the plate
Length, width, and thickness of the plate, respectively

Displacemfents of a point (X, Y, Z) of the plate in X and
Y directions, respectively

Deflection of middle surface of the plate
Stress tensors corresponding to T, TO’ T1 distribution

Average normal stress in direction of the axis indicated
by subscript

Normal forces per unit of length in X and Y directions,
respectively

Shear forces per unit of length in the planes XY, XZ,
and YZ, respectively

Elastic constants (compliances and stiffnesses, respec-
tively)

Modified stiffnesses
Linear coefficients of thermal expansion
Modified linear coefficients of thermal expansion

Unit elongations in the X and Y directions, and shearing
strain component in the XY plane, respectively

Stress function

Finite increments in the X and Y directions, respectively,
for solving finite difference equations

Number of grid points in the X and Y directions, respec-
tively

Moments per unit of length of the stresses ox, g, x
about the middle surface of the plate, y Y
respectively.




ABSTRACT

Many materials used in the nuclear industry have anisotropic
properties. This thesis investigates stresses within a simple body
due to temperature vaiiétions. A computer program is presented which
can be used to calculate thermal stresses and deflections in an aniso-
tropic plate with all four edges free and having one plane of elastic
symmetry. General fourth order polynomials are assumed to predict the
correct temperature distributions. Stresses are first calculated for
a two-dimensional (X and Y) temperature distribution with no deflec-
tion (in Z direction) allowed. Then a three-dimensional case with a
linear temperature gradient in Z direction is considered. Superimpo-
sition of these solutions leads to a general treatment of the normal
and shear stresses in the plate. The correct elastic constants for

the material being considered are required as input to the program.

vi




CHAPTER 1

INTRODUCTION

L

Anisotropic maEerials play an important part in modern tech-
nology. These find applicat;ons in a number of areas such as the
aerospace, missile, aircraft and nuclear industries. It is possible
to produce an artificial anisotropy in isotropic materials. For
example, corrugated plates and membranes can be made from elastically
isotropic materials. Certain structures which are strengthened by
ribbing also become anisotropic.

An elastic medium is isotropic if in all directions its elas-
tic properties at all points are the same. It will be anisotropic if
its elastic properties at any point in the medium are different in
different directions. An anisotropic body may have one, two or three
orthogonal planes of elastic symmetry passing through any point in the
body. The plane of elastic symmetry is the plane of the body about
which its elastic properties are symmetric. The body which has three
orthogonal planes of elastic symmetry at each point is called orthogo-
nally anisotropic, or simply, orthotropic. If there are sets of
equivalent directions in a body which can be superimposed by a rota-
tion of 2m/N about a certain axis, say Z-axis, then this is an axis of
elastic symmetry of order N. A plane normal to an axis of elastic
symnetry of an infinitely large order (N + «) is a plane of isotropy.

A body having this property is called a transversely anisotropic body.




This is also described as a transversely isotropic body.

Under certain load conditions, such as thermal or external
forces, an elastic body undergoes deformations or shape changes.
Stresses, that is, loads per unit area, are related to these deforma-
tions by the well known Hooke's law for elastic materials. In the

-

case where there is no motion of the body upon application of the
forces, the body as ; whole must be in equilibrium. If a small volume
element in the body is considered, certain relations known as equilib-
rium equations arise. Also, any body has certain constraints acting
on its boundaries. Using Hooke's law, the equilibrium equations and
the boundary conditions simultaneously could lead to a solution for
the distribution of the stresses in the body.

Although the linear theory of elasticity for an anisotropic
medium has been known for quite a long time, a realistic solution has
not been presented except in the case of orthotropic materials [1].
Solution has been presented for an anisotropic plate with one plane of
elastic symmetry [2] but it involves a number of mappings into differ-
ent planes and does not reach a final expression. Equations for the

deflection of an isotropic thin elastic plate subjected to a tempera-

ture distribution of the form

T(x,y,2) = Ty(x,y) + zT;(x,y) (1)

have been derived by Nadai [3]. He did not, however, work on the
solutions of these equations. Principally, the isothermal theory of
anisotropic plates has been developed by Boussinesq [4], Voigt [5] and

Lechnitzky [6]. It appears from a literature survey that until 1941




only Voigt [S5] had given any consideration to the thermal effects on
the anisotropic plate. He, too, considered a simple case with tem-

perature distribution of the kind
T = T(x,y)

and, thus, did not consider any bending effect. In 1941, Sokolonikoff
[7] presented a short summary of anisotropic plate theory. Pell [2]
considered the general case of a plate acted upon by forces on its
edges, free of body forces and having a temperature distribution as
given by equation (1). After using a number of mapping functions, he
arrived at a rather complicated solution.

It is the aim of this research to develop a computer program
to compute the thermal deflections and stresses in an anisotropic
plate that has at least one plane of elastic symmetry. The tempera-
ture distribution considered is given by equation (1). Introduction
of a stress function F reduces the compatibility equation to a fourth
order partial differential equation [7]. The statical equilibrium
equation reduces to a fourth order partial differential equation in
terms of W, the deflection. These two equations are solved on a digi-
tal computer using the finite difference technique. Once the values
of F have been found, the stress distribution due to T0 can be ob-
tained by direct substitution of F into the corresponding stress equa-
tions. In a similar way, the values of W lead to stress distribution
due to le. Superposition of the latter onto the earlier ones gives

the total stress distribution in the plate.




CHAPTER II

THERMOELASTIC EQUATIONS FOR ANISOTROPIC PLATES

o
Consider a thin elastic plate composed of a medium having at

£ -
least one plane of elastic symmetry passing through each point paral-
lel to the middle plane of the plate, which is chosen to lie in the
x-y plane. Let the plate be subjected to a temperature distribution

given by equation (1). The Cartesian coordinate system and the plate

dimensions are shown in Figure 1.
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Figure 1

Coordinate System and the Plate Dimensions

The Kirchhoff assumptions [7] of the thin plate theory lead

to the fundamental relations
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where ox, oy, o, are the'norqgl stresses in x, y and z directions,
respectively, and Txy is the shear stress in the x,y plane. In these
equations w is the deflection of the middle surface of the plate, and
u and v are the displacements of a point (x,y,z) of the plate in the
x and y directions respectively. These relations are valid throughout
the thickness, 2h, of the plate. Pell [2] further assumed that the
stress tensor T at any point in the plate is the linear sum of two

stress tensors:
T=T + T s 4)

where TO is a plane stress tensor generated by To(x,y), and Tl is the
bending stress tensor in the plate due to 2T,.

The generalized Hooke's law [8] connecting the components of
stress at any point of an elastic solid body with the components of
strain at that point, taking into account the thermal effects, is ex-

pressed by
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37 = 831%% * 2320y * 8330, * azgTyy * 03T,
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where the a.. are elastic constants generally called compliances, and

1) Ca

o; are the linear coefficients of thermal expansion of the medium.
5’
Love [8] established the relationship dﬁi}é7

- e

a.. .
ij ji
which helps reduce the number of compliances in equations (5) from 20
to 13.
For the plane stress condition, the system of equations (5)

reduces to

w® o 0 0
= 211% Y Ay ey %170
0 ]
oV _ 0 0 0
3y - 2% * 22y * 226Txy * %20 | (6)
and 0 0
a’ o’ o 0 0
5y *ox - 210x * 2267y * %e6Txy T %0

In solving two-dimensional problems by means of a stress for-
mulation, it is convenient to introduce a stress function defined in

such a way that the equations of equilibrium are identically satisfied.




In such a condition, the function will then be required to satisfy the

compatibility equation [9]

2 2 2
3°€e 3°€e 9
X, s g oYXy s
2 2 oxoy ’
)% 9x

where €, and €, are unit elongations in the x and y directions and

is shearing strain component in the x,y plane.

-

In this case the stress function F is introduced in the fol-

lowing manner:

oo=321-*,00=321=,To s
X ] 2, =

- SoAe (8)
ayz Y 5x Xy 9x0y

It is further convenient in plate theory to deal with forces
and moments per unit of length rather than with the stresses them-

selves. The following quantities are therefore introduced:

0 0

N =2hg. ,N =2ho , N = 2ht , 9)
X X y y Xy Xy
where 02 s 03 , and Tgy are the average normal stresses in the X and Y

directions and the average shearing stress over the plate thickness,
respectively.

From equations (6) and (8) one would obtain

2 2 2
) 32F 3%F 32F
s Ve A R ) 316 Tx3y T %170
y ox
2 2 2
) %: 3%F 3%F
€y = 32 s * 8227 7 26 3oy +oTy (10)
and
2 2 2
1 9%F 9%k 32F
Y =_{a L+ a - a <+ 2a.T }.
xy 2 16 ay2 26 ax2 66 0x9y. 60




Substituting these expressions into equation (7) results in

2
e, ot e T, ol
11 ay4 12 szayz 16 axay3 1 ay2 12 axzayz
2
+a 215 -a 34F + 0 i "o
22 3 &7 726 3 3 2
-
4 .4 4 3°T
= a 3F +a 9 F < , O F 4 20 2
6 8x8y3 26 3x33y 66 ax23)’2 6 9x9Jy
Rearranging this equation leads to the relation
4 4 4 4
9 'F o F 9 F 9 F 9'F
a,, — - 2a + (2a,, + a_..) - 2a + a,, —
22 3x4 26 Bxsay 12 66 3x23y2 16 3x8y3 11 8y4
2 2 2
_ 9Ty 0Ty Ty . .
=-loy —75 - 2 55y * @ 7}
ax y 3y
The generalized Hooke's law [8], taking into account the
thermal effects due to le, is expressed by
1 1
1 _ du ov
o, = ey g - 42Ty ) + el - 2Ty )
1 1 1
ow 1 .3u v
+ gl g - 0g2Ty ) * (7 Iy 5] - 2Ty
(12)
1 1
1 u v
o, = Cppl g = 82Ty )+ Cppl gy - 02Ty )

1 Bv
+°23(aT’°‘3ZT1)’“°26(2[ 3 T %27y




o'l—c(éli-az'r)‘f' (a—V];'aZT)
z  13° 9x 1771 €23' 3y 1 (12 cont'd)
1 1
ow 1
v egp( - agty )+ egg( 7 b ] " %M1 )
and
1 1
1 _ 2 du v
Ty = S160 3 - %171 ) * a6l 3y 7 %271 )

-
-

1
Bw 1 Bu v
se( T3 - 42Ty ) * e 3 gy * 3] - 97Ty )
In these equations the cij are elastic constants generally called
stiffnesses. To obtain cij from aij and vice versa, the following

formulas [10] are to be used:

and
8!.
a..‘—‘——]-.-l
ij A
Here A and A' stand for the determinants of the square
. 3 . 1
matrices [aij] and [cij], respectively; Gij and sij are the cofactors
of aij and cij’ respectively.

From the assumptions expressed by equations (2) and (3), the

following relations result

R
= - hamaar-y »
9x ax2
vl 2%
oy 27
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1 ,0u v, _ aw
7 tx) T Py
and
01 =0 .

Note here that w is being written instead of wl. This is due
o

to the fact that T0 does not produce any bending, thus w and w1 are
-

the same. Substituting these in the third equation of (12) yields

0= c, (- z EEE-- 0. 2T.) + ¢ (- z EEE-- o.,2T.)
- 13 2 1771 23 2 2771
ax oy

2
ow 9w
*+ Cgp (g7 - 052T)) *+ Cq¢ (- Z goas - @g2T)) -

Thus

[c @y o

13 527 %1
X

= 2
9z 3771 c33

2
9w AW
* Cy3 (—ayz +oTy) + g0 (omy + %6710

Substituting the expression for (%%-- a3ZT1) back into equa-

tions (12):

1 92w 52w
0, = zle)y (- =5 - Ty + 550 =5 - ayTy)
ox oy
c 2 2 2
13 ow oW ow
+—{C (—+GT)+C (—+G.T)+C (‘—""G.T)}]
c33 13 ax2 11 23 ayZ 2'1 36 “oxoy 61
e e € RN o, C2sfus o o%e, Cseis 3%
Czz 11 ax2 Czz 12 ayz Czz 36° 9xdy
C, ,C c..C c,.C
13713 23713 36 13
+{a(_.__._-—-c )+a(_—._..c )+a(.——--c )}T]
1 c33 11 2 c33 12 6 c33 36 1
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The expression is simplified by defining

C.
13°k3 —
bik = - (= - cik)’ i,k = 1,2,6
33
and
a} =b,.a;, + b,.0, +b_ .0 i=1,2,6

i 1i71 2172 6i6 °
o
Following the same steps for the second and fourth equations of

-

(12), the results obtained will be

ol = -z ﬁ«»b ﬁ»fb 32w+alT)
p 4 11 ax2 12 8y2 16 oxody 1’1
(13)
2 2 2
1 _ 9w 3w a’w 1
oy == 20y 57 * Py oy * by axay t %"
and
2 2 2
1 _ W 9w 1
Ty =7 216 2 * P26 P b6 ﬂ‘ *agTy) -
The equations of equilibrium can be expressed as
301 arl arl
X, _Xy Xz _ o
ox 3y 0z ’
and (14)
1 1 1
o0 9
Ty L %, Tz Ly
ax dy oz
From the first of these two equations
1 1 1
arxz . ES§.+ arx )
0z ox oy
3 3 3 oT
o'W "w 9w 1771
z (b +b +b +Q )
11 ax3 12 axayz 1 ax23y 9x
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3 3 3 aT
T w 9w o w 1771
+ z(b +b,, —x+Db + 0, =)
16 szay 26 ay3 66 axayz 6 ox
or simply
ariz
-7 - z(A + B) , (15)
where A and B are defined as
3 3 3 oT
9w 9w 9w 1771
A=b,,~—4+b , ——=+D +a, —
11 ax3 12 8x8y2 16 axzay 1 ox
and
3 3 3 oT
W W 9w 1771
B=b,, ——+b, —z+Db + 0, "=
16 axzay 26 8y3 66 axayz 6 dy
Note here that
1 ol -
1:yz]z==_‘h - sz]z=th =0 .
If equation (15) is integrated with respect to z, then
1 22
Tz =7 A B) +c
At z = +h ,
2
o= asmrc,
or
c=- EE (A + B);
2 2
and thus
2 2
T1 _ 2z  =-h (A + B)
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The shear force acting, per unit of length, across the thick-

ness of the plate is

Qx = szdz

- %-hs (A + B)

Replacing A and B by their expressions in terms of w:

3 3 3 oT
2.3 o'w o'W oTw 1 1
Q:-_h {b — <+ b + Db + QU —
X 3 11 5,37 712 a2 16 5 2ay 1 3x
3 3 3 oT
ow o'w oW 1 1
+b +b,, —+Db — s+, — } . (16-2a)
16 axzay 26 ayz 66 axay2 6 dy

Following the same steps for the other equation of (14) yields

3 3 3 aT
2.3 97w 9°w %W 1 %N
= - 2p3¢p +b +b sl L
Q=-3 16 53 " P26 507" 123 20" % B
3 3 3 aT
* beg a2w + by < g * by 2 wz * “é 3 =} (1o-bJ
ax“dy 3y 3xdy y

The condition of statical equilibrium [9] of an arbitrary

volume element of the plate is represented by the equation
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9 2 2 2
R T - T X
9x xy Yy y dy

Substituting the expressions for Qx and Qy yields

4 4 4 4
2.3 ow ow oW o'W
-<h’{b,, —+ 2b + (b, +b ) ——5 + b, —7%
3 11 8x4 16 3x33y 12 66 8x23y2 26 3x3y3
2 2
09T 19T %y 2%w

+ (b,, + Db

4+ 0, =+t b, — ) ——=
15,2 6 TXoy 16 3 35 127 V66 3252
2 2
*+ 2y 34w3 ""zz':"%+ “é’é"é’a L “g i Zl }
9x3y oy xoy - dy
2 2 2
+ N o°w 2N 9w N oW =0

Rearranging of the above equation leads to a fourth order

partial differential equation in w

b .3_4E+3b _.3_4L+2(b +b)_a_4"_'_.+3b _.a_fL...b .")_4i
11 ax4 16 3x33y 12 66 3x23y2 26 3x3y3 22 ay4
32T 32T 32T
N e A A
ox xoy dy
2 2 2
3 9w 9w 3w . (17)
+ {N + 2N <=——+N —51}
2h3 p 4 axz Xy oxoy y ayz




CHAPTER III

SOLUTION APPROACH

o

The thermoelastic problem described in the previous chapter is
solved on a digital compuer. The finite difference method is used to
solve the equations (11) and (17) for the stress function F and de-
flection W, respectively. The computed values of F go into the equa-
tions (8) to furnish the stress tensor TO. Also, the computed values
of W, when substituted into the equations (13), give rise to stress
tensor Tl. To help explain the method, consider a plate superimposed

by a grid or lattice with a mesh size of Ah by Ak as shown in Figure 2.

|
’M* (Nx,Ny)
J j+l
; % A
T j‘l T |
T-Ti341 =X

Figure 2 |

A Grid Superimposed on a Plate

15
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In the case of equation (11) the numerical solution will consist of
determining the values of the function F at the finitely spaced grid
points shown. In this process, a combination of first, second, third,
and fourth partial derivatives of F with respect to X, Y, and X and Y
will be required at the grid points. These partial derivatives are
given in Table A-1 [11] of Appendix A. The following paragraphs
briefly describe the mé%hod for obtaining them.

The Taylor series for the function F = F(x) at points (I+1)

and (I-1) expanded about point (I) gives:

i
]

2 3
F. + F! Ah + Fr+ 80", ovyy (8D)
i i i 7 i T e

i+l 6 3
2 3

F = F, - F' Ah + F"! LAEL - Fr1? (Ah)

i-1 i i i 2 i 6 !

where Fi, Fi', and F{" are first, second, and third partial deriva-
tives of E, with respect to X, respectively.

For obtaining the expressions for Fi and F{', terms containing
Fi" and higher order partial derivatives may be neglected. Subtract-

ing one equation from the other one obtains:

Fi,p - F;.1 = 2 F! bh
or
9F 1
Ah 5% = OhF! = 7{F1+1 - Fl_l}

This is a central difference equation for the first partial derivative
of F with respect to X using only three grid points.

Next, adding the two equations of (18) results in
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. 2
Fiq * Fjqp = 2F; + F7(AR)
or
(8h)2 % (dh)2Fit = F, | - 2F, + F
2 it =Fi - 2P v Fig

This is a centrgl difference equation for the second partial deriva-
tive of F with respect to X‘?sing only three grid points.

Similar expressions are obtained for third and fourth partial
derivatives using more grid points.

The appropriate expressions for partial derivatives are sub-
stituted into the partial differential equation, and the resulting

equation is solved at various grid points for the values of required

function.

Finite Difference Equation for F

Referring to Table A-1, it may be noted that the partial de-

rivatives required for solving equation (11) can be written as

1 (g - 4F + 6F, . - 4F + F. . .}
Tt g T My T T ey T eyt
o'F _ 3 2°F,
axsay 3y 3x3
3 1 ) (19
oy Loom? ezt Fieng T ey T T
-1 [-{F - 8F, . . . + BF - F }
il R R B R R R A
+ 20F; 5o 8Fpy 51 8Fi gan 7 i gel)




18

- 20 5oz 7 BFian o1 * BFian,ge1 T Frenje2?

+ { 8F 8F

Fiez,5-2 = BFi42,5-1 * BFie2,541 ~ Fiez,j4281 2

M = . [-{-F + 16F - 30F
axzayz 144(Ah)2(Ak)2 i-2,j3-2 i-2,j-1 i-2,j

+ 16F, F b+ 16{- F,_

i-2,j¢1 ~ Fig2,j+2 + 16

1,5-2 ¥ 16Fi1 5.1

- 30F,

j-1,5 * L6F

i-1,j+1 = Fi-1,5428 - 30TFy 50

+ 16F. . - 30F, . + 16F,

i,j-1 1,) i,j+l B Fisj"'z}

16{- Fi,) jo2 * 16F;5 o1 - 30

- Fip,ge2t © UFaag 2 *

+

Fie1,5 * 16Fs541 541

16F 5 5.1 = 30F;,5 5

+ 16F, ... = F, .
i+2,j+1 1+2,J+2}] ? (19) cont'd

}

odp 1

- [{-F, , : 5+ 2F, , . ;-
axdys  24ph(ak)> - 123tz Tis2i-l

2F5_2,5+1 * Fii2,542

- 8{-F;_; ., *+ 2F

2F }

i-1,j-1 = ZFio1 je1 * Fio1,je2

+ 80-Fi) 50 % PPy 51 - PFiagjen * Fien,jed)

- {-F 2F 2F

i+2,j-2 ¥ 2Fie2,5-1 7 FFiez, 50t Fiez,je27]

4
9°F 1 {F

—7 =

iyt (ax?

i,j-2.'4Fi,j—l + 6Fi,j - 4F

}o.

1,541 * F1,5+2

The constants P, Q, R, S, and T are defined such that:

a a
P = 224 , q = Zg
(Ah) 12 (Ah) " (Ak)
(20)
(2a,, + a_..) a
R = 12 66 ) S = 16 )

144 (Ah) % (Ak) 2 128h (AK)>
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and 2
T = 11

(e

. (20) cont'd

Next, the right-hand side of equation (11) can be represented
by a function RHSF (x,y) for a digital computer so that

p 3°T 2T, 2%,
RHSF (x,y) = o, —5 - 20 + 0
2 8k2 6 dxady 1 ayz

Substituting the expressions (19), the constants defined by
equations (20), and the function RHSF (x,y) into the equation (11),
and then rearranging the resulting equation, one would obtain the ex-

pression for Fi 3 the value of F at any point (I,J), as
»

F, . = - [BMF

+ BM_F. + BM_F, . + BM F.
1,)] 1~

i-2,j-2 2°i-2,j-1 3'1-2,j 47i-2,j+1

+ BMF; 5 5up * BMFy 1 5.0 * BMJF5 g 51 * BMF: 1

+ BM,F. + BM. F. + BM

oFi-1,5+41 * BMiofi-1,j42 * BMoF

1154, 5-2 12F1,5-1
(21)

+ BM + BM + BM16F B F

14F4,5+1 * BM1sFs 40 iel,5-2 * BM17Fia1,50

+ BM. F. + BM. ,F. BM, .F

187141, 5 19F1+1,5+1 * BMaoFian je2 ¥ BMpF

217i+2,j-2

BM)sF 42,542

¢

+ BM,.F. + BM,.F. + BM24F

225i+2,j-1 237142, j i+2,5+1 *

+ RHSF (x,y)] /BM13 .

In the above equation, the coefficients BMi are defined as
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BM, = BM

Q+R+S ,

1 25

BM2 = BM24 = - 8Q - 16R - 28 ,
BMS = BM23 = P + 30R R

BM, = BM,, = 8Q - 16R + 28

BM = BM,) = - Q+R-S ,

BM6 = éMZO = :_ZQ - 16R - 8S s 22)
BM, = BM)g = 16Q + 256R + 16S
BM8 = BM18 = - 4P - 480R s

BM9 = BM17 = - 16Q + 256R - 165 3
BM10 = BM16 = 2Q - 16R + 8S s
BM,, = BM;; = 30R + T ,

BM,, = BM,, = - 480R - 4T

and ,
BM13 = 6P + 900R + 6T .

Finite Difference Equation for W

Due to the similarity between the left hand sides of the two
equations (11) and (17), the left hand side of the finite difference
form of equation (17) for W will be similar to the one for F, the

only major change being in the coefficients.

Constants P1, Q1, Ri, S1, and T1 are defined as

b1 T

Pl = 7 Q= - 2 ,
(Ah) 24 (8h) Ak
2(b,, + b, ) 3b

Rl = 12 i 66 o, sie- 26 . (23)
144 (Ah) “ (Ak) 24Ah (Ak)

and bzz
Tl = .

@it
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Thus the left hand side, LHS, of the equation (17) can be

written as

LHS = Dlei-Z,j-Z + DMZWi-Z,j-l + DMSWi—Z,j + DM4wi-2,j+1

+ DM W,

DMW; 5 542 * DMWi_q,5-2 * DMW5 g 501 * PMgPioy,;

+

DMgW; 1 ger * DMigWs g, 502 * PM1aWi 502 * PMio¥s 50

(24)

+ DM, W, . +DM W. . . + DM W

131, 3 14%; 541 1595542 * DM

16Vi+1,j-2

+

DM, W

17%541,5-1 * Mighien,5 * Mighieg jun * PMaghiag 542

+ DMy Wy -2 * DMpgiag 51 * DMag¥ing 5 * PMagieg 50

+

DMysWie2,je2

where the coefficients DMi are expressed in terms of P1, Ql, R1, S1,

and Tl as

DM, = DM, = QL + RL + S1

DM, = DM,, = - 8Q - 16Rl - 251
DM, = DM,, = P1 + 30R1

DM, = DM, = 8Q1 - 16Rl + 251

DM, = DM,; = - Q1 + Rl - S1

DM = DMy, = - 2Q1 - 16R1 - 851 (25)
DM, = DM g = 16Q1 + 256R1 + 1651
DMg = DM g = - 4P1 - 480R1

DMy = DM, = - 16Q1 + 256R1 - 1651
DM, = DM, = 2Q1 - 16R1 + 851

DM, = DM = 30R1 + T1

DM, = DM., = - 480R1 - 4T1

12 14
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and _
DM, = 6P1 + 900R1 + 6T1
The right hand side of the equation (17) can be represented as
2 ) 2
3 W oW W
RHS = - RHSW (x,y) + —¢ (N —= + 2N + N —} , (26)
2h3 X ax2 xy 9xJy y ay2
-
where ;
L 3Ty ey o, ¥
RHSW (x,y) = (!1 3 + 20.6 W + 0.2 -3
ox oy
Again, looking at Table A-1 in Appendix A one can write
2
oW 1 {
5= W, . .- 2W, .+ W ..}
axz (Ah)z i-1,j i,] i+l,j
2
o°w 1 {
w1 gy, oW, o+ W)
ayz (Ak)z i,j-1 i,) i,j+1 (27)
2
d°w _ _ 1 _ _
%3y _ 4BhAK Wy o5~ Wi, " Mieng1 ” Wi, je1!

Substituting the expressions for LHS and RHS into the equation

(17) yields

+ DMW. + DM_W. + DM W.

Wy o= - [DMW; 5 59 ¥ DMW; 5 5.1 7 T80i-2,5 © T47i-2,5+1

i,)

+ DM.W. + DM_W. + DM_W.

s¥i-2,5+2 oWi-1,j-2 Mi1,5-1 * DM

2
-y, ; (AR} W,y o+ DMGH, g g * DMyoWg e
)

(28)

2
+ DMy Wy g {om™,, - thY-1 ; /(BK)7} Wy 5_q
»

2
+ {DM14 - thy.1 ; /(Ak)“} wi’j+1 + DMlswi’j+2
»
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+ DM, W,

16Mie1,5-2 * M W {oM,, - h.N /

17%i+1,5-1 7 Y18 T T1x,

2
(Ah)“°} wi+1,j + DM. W

M19 DMZOW

i+1,j+1 " i+1,j+2

+ DM_. W,

21%i+2,5-2 * DM

2%i42,5-1 ¥ MasWia2,
(28) cont'd
+ DMy s o sen ¥ DMasMing 5e2 - Pilyy, ;

- hed -
(LRI MR A TSI A TS

}/

(20hAK) + RHSW(x,y)] / [DM , + 2h; {N, /(8h)?
i,j
2
+ N /0%
i,
where

2 3
h1 = 3/2h

Boundary Conditions--All Edges Free

The problem described here is a boundary value problem; that
is, the state of stress and/or deflection is defined at all four edges
of the plate. The following are mathematical representations of the

boundary conditions in terms of F and W.

A. Boundary Conditions in Terms of F

From the free edge condition, it follows that the normal
forces are zero. Also, noting that there is no bending due to TO’ it
is evident that the shear force is zero. Mathematically [2] the

boundary conditions on the edge X =0,a are

N.=N_=0

This leads to the relations [9]
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B. Boundary Conditions in Terms of W

-

At the plate's free edge the bending moment Mn’ the shear
force Qn’ and the twisting moment Mns must all vanish, where (n,s)
represents an orthogonal coordinate system, n being normal, and s
being parallel to the edge. The twisting moment is, however,
statically equivalent to a disfributed shear force of intensity

[ - (M_/3s) o] -

Mathematically the boundary conditions are

and (29)

To obtain Qn in terms of moments, consider the forces in the
Z direction and moments about X and Y axis acting on an element of
volume dxdydz of the plate as shown in Figure 3. The moments Mx’ My’

and M___ are given as
Xy

h
Mx =-hf szdz ,
h
M)’ =-hfcyzdz s (30)
and
h
M,y iJJTXYZdZ ;




and the shear forces Qx and Qy are represented by the equations (16-A)

and (16-B).
M
- b dx -
/ /
/ 7 T
M e hop
Y v X

7 /‘ M &X h
v X/ xy*’axdx// +

|
//

/—sBM / M
L_m( —);.c,z'd}' ‘ X =
A l\ .,

<\ Q * ¢ &

NS

Figure 3

Moments and Shear Forces Acting on a Volume Element

Taking moments about the line A-A in Figure 3 one obtains

oM aM

X - - Xy
X dx) dy dey + Mxydx (Mxy + 3y dy) dx

M, +

aQ,
- (Q +—dx) d)'dX+de—- (Qy+—&dy) dx—-O

S—_——
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By neglecting the terms containing the product dxdydz, the

above equation becomes

oM oM
Q =_£-_XZ.
X ax dy

Similarly, taking moments about the line B-B in Figure 3

o

results in .
oM *“aM

Q =5 e

Replacing x and y by n and s, the shear force equation

becomes aMn aMns
Q= "9 (31)

Interaction of the equations (29) and (31) results in the

following boundary conditions:

M =0 ,
n
and (32)
oM _zaMns=0
on 9s

On the Edges X = 0,a

From the equations (13) and (30)

h 2 2 2
2 3w o'w 3w 1
M =-[2z°0b,, —+b,,—5+b +a; T.)
X -h 11 axz 12 ay2 16 9xdy 11
2 2 2
_ 2.3 oW W 9w 1
= -3l TS, T ey T T

9x )%
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‘ Similarly, M_ and M__ are
Y Xy
2 2 2
J __ 2.3 3w 3w 3w 1
' M, = 's‘h(b1za_x2'*b225;7"bzsfrxy*°‘z'r1) ’
' and
F 2.3, 2w 2% 32w 1
| MXY--gh(b16;2.+b26—a;5+b663x8)’+a61|1)
- 3 |
Further, differentiating M_ and M
X xy
BMX_ZBM}Q,:-th(b ?iv_'.-{-b _a_'s_‘."_.q.b _33_"_
9x dy 3 11 537 712 55,2 16 5,2
oT 3 3
1771, .4.3 o"w "W
+ 0, =—)+=h"(b,, —— +b,, —¢
1 9ax” 3 16 8y8x2 26 ayz
3 oT
* bgg <ty + ag g5+ )
oxady y
3 3 3
2.3 "w aw o'w
= - = h"(b -b,, ——+ (b,, -2, ) —5
3 11 3x3 16 axzay 12 66 axayz
P P I G T
26 ay3 1 9x 6 dy
Thus the equations (32) reduce to
2 2 2
oW "W W 1
b,, —5 +b,, —5+Db +o, T. =0 ,
11 axz 12 ayz 16 3xdy 11
and
3 3 3 3
o w I w oW oW (33)
b,, —x - b + (b, - 2b, ) ——= - 2b,, —%
11 8x3 16 axzay 12 66 axayz 26 8y3
oT aT
1 771 | R
+ 0.1 —5;(— - 2(!6 a—y' =0
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On the Edges Y = 0,b

Proceeding similarly to obtain the boundary conditions in
terms of W for the edges normal to Y-axis, the following equations

are to be satisfied on the edges:

b ﬁ«r’b azw+b azw-l-ole-o
‘ . 2
12 3x 22 S)J 22 5x5y 21
and
3 3 3
oW oW oW (34)
2b,, — + (2b_ .~ b.,) +b
16 8x3 66 12 axzay 26 ax,6)’2
-b &.-& zalﬁ-a1&=o
22 . .3 6 9x 2 9y :




CHAPTER IV

THE COMPUTER PROGRAM

L d

The computer program is written in Fortran IV language for
the IBM System 360, Model 65 ;;mputer. It is designed to compute the
thermal stresses and deflections in an anisotropic plate, having at
least one plane of elastic symmetry, being free of external forces and
having all four edges free. A flow chart for the main program is
shown in Figure 4. The flow charts for the subroutines written spe-
cifically to solve the stress analysis problem are shown in Figures 5
to 8 inclusive. The temperature distributions that are to be read
into the computer are represented by fourth order polynomials in X,
and Y, namely,

_ 4 3 3 2.2 2 2
T0 = Upx +uXy + UzX" + uxy U Xy +ucX + ux

2 2 3 3
*UXYy +Ugy + Uy + U/ XY+ Uy XY

4
M VoA -
(35)

_ 4 3 3 2.2 2 2
T1 = VX + vzx y + VzX VXY + VXY + VX + VX

2 2 3 3
VXY * VY * VoY F VXY VY T Vg

+ Vv y4 + v
14 15°

29
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where Ups Uy o o e Uy and Vs Vo oo are coefficients of

- V15
the polynomials.

Data is read into the computer in the following sequence:

CARD 1
Nx, Ny (the number of grid points along x, and y directions
of the plate, requptive{z), Ah, Ak (the increments along x, and
y directions, respectively), and h, the half thickness of the

plate.

CARDS 2 to 7
Elastic constants or compliances aij (there will be 36 of

them) .

CARD 8
The linear coefficients of thermal expansion in the i th

direction, Q.

CARDS 9 to 12
The coefficients for the polynomials given by (35). These

are u;, Uy, . . - Uscs and Vis Vgs o e e v

1 15°

CARDS 13 to 16
Repeat coefficients from cards 9 to 12. This is done to

facilitate data transfer within the program.

The entire program with sample input is listed in the

Appendix A.
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READ Nx, Ny, h,

Ak,Ah, a,. and o,
ij i {
2 CALL
- DEFLXN
Compute '
C.., b.., a} CALL
ij? "ij’ i
SIGMAl
CALL Print total stress
TEMDIS distribution
W
CALL .
FUNCF ( Stop >
CALL
SIGMAQ

Figure 4

Main Program Flow Chart




( Begin )

Z//,READ ul, u2, .;.ulé///

!

Compute P1, Q1, R1,
S1, T1, and BMl’

BM

BM2, o o0 25

Initialize F, TEMF

Establish Boundary

Conditions

{

32

Compute TEMF using

finite difference

equation

F = TEMF

Figure 5

Subroutine FUNCF Flow Chart
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‘ Begin ) { Begin )

READ Uy, uz, s o u15’ Compute Stresses
0o 0 0
and Vis Vos et Vig ox, cy, and Txy
* -
!
o 0 .0
\ /PRINT cx, Cy’ Tx)/
Compute TO’ Tl’

CURL1X, and CURL1Y

A

Compute Forces

Nx’ Ny’ and ny

///PRINT TO’ T1 ///
\
( Return )
Return

(a) (b)

Figure 6

Flow Charts for Subroutines TEMDIS (6a) and SIGMAO (6b)




Z,READ Vl’ v2, oo VlS//

| ]

Compute P1, Ql, R1, Compute TEMPW using
S1, and T1 and finite difference
DMl’ DMZ’ cos DM25 equation

IF
ABS (TEMPW-W)
< EPSLNW

Initialize W, TEMPW

Establish Boundary

. . PRINT W
Conditions
Return

W = TEMPW [

Figure 7

Subroutine DEFLXN Flow Chart

34
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Compute the coefficients
-
of finite difference

equation

!

Compute Stresses

1 1 1
0., 0., T
Xy xy

|

( Return }

Figure 8

Subroutine SIGMAL Flow Chart




RESULTS AND CONCLUSIONS

The program developed is capable of computing thermal stresses
and deflections in an anisotropic plate having one plane of elastic
symmetry and no edge’constzaints. Results for a sample problem (input-
data included in Appendix A) are given in Appendix B. The results are
not completely satisfactory. This is due to the fact that the elastic
constants, aij’ are not exact. These constants are not available in
the literature. These are known for a number of crystalline materials
but, unfortunately, they are not of interest. Thus the elastic con-
stants were assumed to be similar to those of steel which is an iso-
tropic material. The program was run on a trial and error basis,
changing some of these elastic constants on every run. The results
given in Appendix B seem to be reasonable for structural materials.

It is suggested that further work in this field be directed
toward experimentally obtaining the elastic constants of interest, so
that they may be analyzed for stresses and deflections due to tempera-
ture gradients. The program itself could be modified by attempting to

solve the set of linear finite difference equations implicitly.

36
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APPENDIX A

TABLE A-1
hnf(n) Multiplier Differentiation Formula Coefficients
1 -1)
1/2 ©(-3) 4 -1
1/6 (-11) 18 -9 2
1/12 (-25) 48 -36 16 -3
]
hf 1/2 -1 (0) 1
1/6 -2 (-3) 6 -1
1/12 -3 (-10) 18 -6 1
1/12 1 -8 (0) 8 -1
1 (1) -2 1 '
1 (2) -5 4 -1
1/12 (35) -104 114  -56 11
hlgr 1 1 (-2) 1
1 1 (-2) 1 0
1/12 11 (-20) 6 4 -1
1/12 -1 16 (-30) 16 -1
1 (-1) 3 -3 1
1/2 (-5) 18 -24 14 -3
h3gr 1 -1 (3) -3
1/2 -3 (10) -12 6 -1
1/2 -1 2 ©) -2 1
1 (1) -4 6 -4 1
P4V 1 1 (-4) 6 -4 1
1 1 -4 6) -4 1

The number within the parentheses is the coefficient of the
(i,j)th term of the finite difference expression. Those to its right
are the coefficients of the finite difference terms in the forward
direction, and the others are the coefficients of the finite differ-
ence terms in the backward direction.
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Computer Program Listing

9-3*TREVV=EY
9-3°1x2VYV=CV
9-3°1xIVV=1V

9=N

OVVeEVYVe2VYVYEIVY (01°¢S)AV3Y
(9°ST149°X01 ) LVWEOI
(9c1=r*(re1)v) (8°9) 311YAR
9¢31=1 9 0CQ

(9c1=r*(re1)v) (012°S)avad
9¢y1=1 00L OC

HENTI3Q*HIIC AN XN
® NOISNVdX3
40 SAN3IDI4430D ¥VINITT ONV *SNOILO3YIO A anyv
SIN3WN3UONI *31Vd 40 SNOISN3WIA ¢S3INVITdRNOD

(9)9¢(IMN*(9)VIATWV

(9°9)8°(9°9)2°(9°9)1V*(9°9)V
.om-on~>~4130o.cn.onvquaauoaonoonunhoaonoon~°h
(OE*O0E)IAXTI3L*(OE*O0E)IATIL*(OECOE)IXT3L
(OC*OE)MIN3L® (OECOEIM® (OEOE)AXNY

! nonoon—>z<o.onoon~x2<o~°noon~&!who.cnoon.&

(st1¢s)avay

IVWEIHL
X ONOTIV
NI av3d

9 Y33 LINI
NOISN3WIa
NOISN3WIO
NOISN3WIa
NOISN3NWIa
NOISN3RIO
NOISN3RIO

*g39ONVHD 38 0STIV AVNW
"AINSW31ViS NOISN3WIO 3HL NI ¢°J343 ¢dW3l ¢3J 40 SNOISN3INWIO

3HL *38 033N 41 °S3SS3YLS IVWY3HLI ¥0d Q3ZAWVNY

38 NVO

31vd 40 S3ZI1S IN3IU34410 SUIL3INVUVL 3as3HL ONILSNrav
ex330 °*HI3a OGNV *AN °*XN A8 (G31IN3IS3IUL3Y 38V SNOISN3WIa
34Vid 3HL °31Vd DIdOYIOSINV NV NI SNO141D237430 ANV
§3SS3¥1S IVWU3IHL 31NdW0D 01 G3N91S3a S1 WY U90dud 3IHL

00L

VULV

VULVLUULVLULULU
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ey

®,SV4TIV SAINIIDIJI30D NOISNVIX3
AVWYIHL Q314100W OGNV (F°1)8 SAINVISNOD 3HL 3NIWH3130

SNNIALN
a/s10=(re1

(1-)%10=

I*I=W 0S9
r+1

02
) Jo]
10
0a
=7

(O*MN*TANCLVIANIN T7IVI
INNILNOD

*1=(W*1)
0£9 0L
°0=(W*1)
0v9 0L 09 (r°oa*w)
9¢I=W 0E9
(WeNV=(W*T)
9¢1=n 029
9¢1=" 029
. 9¢1=r 019
9¢1=1 019
XI¥AVN 3HL 30 +S(FI)V SINIW3T3 3HL 40 SUOLOIVIOD IHL ANV
IN3NINY¥3130 40 S3NIVA 3HL SIAIS 3INILNOHENS SIHL
*gI7ISAS 3HL NI 37GVIIVAY 3INILNOYENS V SI ANIW

Al

v
09
iv
a1
0a
iv
0a
oaQ
oa
oa

(O*N*A*NCLV)IANIN TIVO

(re1)vs=s(re1)

9¢1=C 009

i g9e1=1 009
®(C*1)D SANVISNOD DI1I4SVI3 3H1 31NdWNOD

9-=3°1x9VV=

iv
0]¢]
0a

oV

019

0S9

0E9

ov9

0e9

009

VLo

VOLVLY

VLUV
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(CEI)AXTIILH(CCIIAXNV=(r*I)AXNY 006
(CCIIATNILH(CCT)ANV=(F 1) ANY
(FeIIXABLH(CCIIXUNV=(r*]) XNV
AN®I=C 006 OQ
XNe1=1 006 QQ
3OVIUNS ¥3ddN 3IHL NO NOILNBIHLISIA SS3YLS IWA0L 3LNdWOD o

(T11°VSIVO AXTIL*ATNSL X TILCANCSXNCHNTIAHTIIA*E A ) TYNDIS TIVO

(VAIVEATTENDSX TIUNDC TLCAIWNIL *OVATIVEEVLTIVeSYITVeIvVSTY ¢
S THOR*NIIA*HIIACANSXNCAXNVSANVEXNYVSE) NXT43Q TV

(AXNV® ANVEXNY®JNTVIQ*HTIIA*HOANCXN®S) OVWOIS 17IVO
(3W3L1°4°*NTVIA*HIIG AN XN*OVeEV SV ¢TIV V) JIONNS TIVO
(HEATTUND X TTHND* TL*0L*ANCXNXTIG*HIZC)ISIANIL T1TIVO

v (9)vdTIV=9V 4V

(e)vdv=evaw

(1)vdalv=1vdv

g (°ExxH2Z )/ °E=1TH
3NNILNOD 024

ov#(1°9)g8+2vx(1°2)a+1vx(]¢1)8=(1)VvITV
3INNILNOD Ofdl

8+3°1x(((E°EID/(ESM)IDIX(ECT)D=(r*1)I)=(r*1)8

OEL 01 09 (9°17°regNveeeio®r)il

9¢1=C 0£L OC

024 O1 09 (9°11°1°GNV°®C®19°] )4l

9¢1=1 02L 0OQ

B
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®(A®X)JSHY NOILONNI 3AIS OGNVH LHOIY

AN30%(®1-2)=(Z)A

HI3A%(®T1-2)=(Z)X

(OE°OE)ISHU*(O0E*0E)ITL*(0E*O0E)IOL NOISN3IWIA
(OECOE)AXNV*(9°9)V* (0ECO0E)INIL*(0ECOE)S NOISN3INWIA
(IRILCS*NTITC*HTIIACANCXNCOVEEVe2Y e TV e V) JONNS INILNOUENS

(/7(X2T°C1)9°*XLV///e(1Sd®

aN3
dol1s

(v°0149)LVNH04 012
((S®*PT39°STL)*2TII*HI)LVWSOS

) 3OVIUNS ¥3ddN 3IHL NO AXVWOIS SSIAULSs*0EL*X1///////7/7777THT )LVNYOS

(7(X21°21)9°XLV//7/4(1S®

d) 3DVIUNS ¥3ddN 3HL NO AVWOIS SSIUYLSe*0EL*XV/// /7777777 THT )LVYNYOS

® (7(X2T1°21)9X21//7/s(1S®

d) 32VAUNS ¥3AddN 3IHL NO XVWOIS SSIVULS®OELXTV///////7777/7THT)LVAYEOS
(E°8JIE*912)LVYNNOS

(ANCI=C*(r*I)AXNVY)C1]

(9%1=rer)
(AN®T=CS(FCT)ANV)* T

(9¢t=rer)
(ANCTI=Ce(r°*1)XNV)*1

(9¢1=rer)
ADVAINS ¥3ddN IHL NO NOILANBIYLSIA SSIYULS

(V0 14V)LVYWAUOS
(012¢9) 311dum
XN®T=1 081 OQ
(SL1°9) 311yM
(012°9) 311um
XN¢TI=1 2241 0OQ
(S91¢9) 3L1vm
(012°9) 311d3Mm
XN®I=1I 091 0Oa
(SS1°9) 31Ium

vi04 ANIY¥d

ote
Si1
S91
11 |
1 §

o1
081

2Ll

091
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S TnNg=% T8
1%°94+u%®°006+d%®°9=¢C INE
1%%°9=-4x®08v-=2 I NG
1+U%®0E=T IWB

Sk °B8+UH%°91-Dx°2=01NE
S%°91-HR°9G2+0%*91 -=6NE
%08V ~-d%x®v-=8NWE
Sk®9T+U%®9G2+0%*9I=LNHE
Sk °8-Ux®9I-Dx*Z2~-=9NE8
S=y44+0-=5SNhAa
S%°24+U%x®01-D%°B=VNHO
Ux®0E+d=CENE

Sk *Z2-U%®91-02*B3-=2Ka
S+Yy+O=1TKHE

(¥2x5NT73C) /(1T ) Vv=1

(ExIT130xHI2Ax*2T1) /(9% T1) V=S
(2%2N13022x%xHIIAX VLTI I/ ( (99 )VH(S°T)IVR®C) =¥
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APPENDIX B
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Prabh Nandan‘Singh'has born on August 26, 1946, in Amritsar,
Panjab, India. He attended G.R.D. Khalsa Higher Secondary School at
Amritsar and passed in June, 1962. He then attended Panjab Engineer-
ing College, Chandigarh, India, and graduated in August, 1967, with a
Bachelor of Science degree in Mechanical Engineering. After a few
years in industry he was admitted to the Graduate School of Louisiana
State University and is now a candidate for the Master of Science

degree in Nuclear Engineering in August, 1972,
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