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Reciprocal space

Real space (r/

Energy space Time space (t/

(Q/A) nm) (Aw/ueV) ps)
Ultra-Small Angle
Neutron Scattering 5x10° ~ 0.005 100 ~ 10°
(USANS)
: Small Angle Neutron N o
Stal'I.C Scattering (SANS) 0.001~ 0.5 1~500 N/A
scattering
Neutron Diffraction 0.1~20 0.05~5
Neutron
ey 0.001~ 0.5 1~500
Neutron Spin Echo 0.01~0.5 1~ 50 0.01 ~ 100 10~ 105
(NSE)
Dynamic  Quasi-Elastic Neutron N N N o A3
scattering Scattering (QENS) 0.1~10 0.0575 17100 01710
Inelastic Neutron 0.1~ 10 0.05~ 5 10~ 105 0.01 ~ 100

Scattering (INS)
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Advantages and Disadvantages of Scattering Techniques

Advantages:

1. Dynamical and structural information in several orders
2. Ensemble sampling

3. Non-destructive penetration

4. Contrast variation available

5. Sensitive to magnetic fields (neutron)

Disadvantages:

1. Inverse problem

Ensemble sampling
Radiation resistance (X-ray)

Sample amount

Lok N

Beamtime accessibility (neutron)
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Outline

Basic concepts:

1. Scattering cross section

2. Scattering length and scattering length density
3. Coherent and incoherent scattering

4. Reciprocal space

5. Spatial and time correlation functions

Neutron diffraction:

1. Single crystal diffraction

2. Powder diffraction

3. Rietveld refinement method

4. Pair distribution function (PDF) method
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Cross Section — Scattering Ability

dQ

do

Y

Intensity | 4

density N~ |

AX
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azimuthal axis

Number of incident neutrons: /

Number of scattered neutrons: @

Number density of scatterers in the sample: N [L3]
Beam size: A [L?]

Sample thickness: Ax [L]

Solid angle: &2

Scattering probability:

0 // xXNAAx/A =NAx

0 //=NAxo 1/7d0/d\ =NAxdo/dR2 =NAxo(8)



Cross Section and Scattering Length

0 //=NAxo 1// d0 /dQ = NAxda/d2 =NAxa(6)

o [L?] (microscopic cross section): describes the scattering ability of the material.

For neutrons scattered by the nuclei:

o(0)=do/dQ =b12
b [L]: constant, scattering length

Units: o:1barn=102%*cm? = 1028 m?
b:1fm=105m=105A




Cross Section and Scattering Length (cont’d)

Si Al Mg O D H

X-Rays "..“ &
Neutrons‘ ® o 00 “ ‘c:;

1. X-ray sensitive to heavy atoms (high electron density)

2. Neutrons sensitive to light nuclei

3. Hydrogen: negative neutron scattering length (isotope substitution)
4. Chlorine and sulfur in the solvent strongly scatter X-ray

5. Boron: neutron absorption



Cross Section and Scattering Length (cont’d)

Example 1: scattering by 1Imm thick water

Mass density: 0.99997 g/cm3
Cross section: H: 82.02 barn, O: 4.232 barn

Tn=1-0//=1-NIHI2 OAxclHI2 O=1-NIHI2 OAx(2olH +0l0 )=1-0.99997 /18.01528 x6.0221413x10723
X0.1%(2x82.024+4.232)x107—24 =0.4375



Scattering Length Density

Contrast comes from the
scattering length density.
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Scattering Length Density (cont’d)

Example 2: scattering length density of water

Mass density: 0.99997 g/cm3
Scattering length: H: -3.7423 fm, O: 5.805 fm

0.99997/18.01528 x6.0221413%x10723 X1,/10724 X (—2%3.7423+4+5.805)x107-5 =—0.5614x107-6

(A2)



Scattering Length Density (cont’d)

5 & — water
| materials | LD (10° A2) [N R My
H-.O -0.56 ‘Cé — protein
E T 7 DNA
>
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Scattering Length Density Profile
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Coherent and Incoherent Scattering

The neutron scattering length depends on the nuclear isotope, spin relative to the neutron,
and nuclear eigenstate.

For a single nucleus of a species,

bli=(b)+5bli (8bLi )=0

where

For the correlation between two nuclei,

DIL DY) =(D)T2 + (0D +bL) )(b)+0Dli obl)

Average over the whole group of nuclei,

(SbLi+3blj )=0

(SbLi SbLJ )= MO&(i+))@((5bLi )12 )=(bT2 )—(b)12 &(i=))



Coherent and Incoherent Scattering (cont’d)

For the correlation between two nuclei, bliblj=(b)12 +0bli oblj

Therefore, the correlation between all nuclei,

do/d0 =i j=1TNEDL blj eT—iQ-(R4i—R Lj ) =(B)12 Sij=VATNEDLi bij eT—iQ (R Li—R j) +N((bT2 )—(B)T2)

Coherent scattering  Incoherent scattering

/ I

Correlation between Individual scattering
relative spatial positions contribution



Coherent and Incoherent Scattering (cont’d)

do/dO0 =(B)T2 Sij=1TNEbLI bij el—iQ-(R Li—R Lj) +N(bT2 )—(B)12)

Coherent scattering Incoherent scattering

/ \

Correlation between relative spatial positions Individual scattering contribution




Coherent and Incoherent Scattering (cont’d)

(0)12 Coherent scattering cross section

(O)12 = (5)12 Incoherent scattering cross section
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Reciprocal Space — Spatial Frequency

Real lattice 4 { l l " ‘.
- 1Lk

Reciprocal lattice gg
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Reciprocal Space — Spatial Frequency (cont’d)

n s Time space shape: /()
signal signal
arnplinade wnplinade Frequency space shape: (@
—» —» Fl/@O=FF(w) FI-1[Fw)]=/(®)
& EqUENCY
Time domain Frequency domain wl=2r

Fourier transform:
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Reciprocal Space — Spatial Frequency (cont’d)
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Reciprocal Space — Spatial Frequency (cont’d)
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Reciprocal Space — Spatial Frequency (cont’d)

I(q) cm’)

—— SiO, solution (40%wt)




Correlation Functions

Incident
plane wave

Lt P

N )

2d sin 8

y ' '\ Constructive interference

dsin © when
® o o o o o nA=2dsin6

Bragg’s Law

Neutron/X-ray/light scattering measures different mathematical
transforms (Fourier, Abel) of two-point correlation functions (Debye, van
Hove) in different spaces (r/Q, t/w) and different time or length scales (A,

20).



Correlation Functions (cont’d)

Incident
plane wave
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Interference between two scattered waves:
WSV T =blibljel—iQ-(RIi—RIj)

Sum over all scatterers:

do/dQ =) j=1T#EV LIV =30 /=1TN#Ebli bljeT—iQ-(RNi—R 1))




Correlation Functions (cont’d)

do/dQ =) j=1T#EVP LIV LT+ =30 /=1TN#EbLi bljeT—iQ-(RUi—R 1))




Correlation Functions (cont’d)

Debye correlation function (structure) van Hove pair correlation function (dynamic)

1(Q)=F[r(r)] (SANS,USANS,ND,NR) 1(Q.O)=FIQ [C(r,0)] (NSE)
Gz )=Aly(r)] (SESANS) (@ w)=Fiow (6.0 (INS)
Pair distribution function (structure) Self time correlation function (dynamic)
g(r)=V/NT2 )i j=1TN#Eo(r—rli+ri;) Gls (r,0)=1/N Y i=1TN#ES(r i (0))d(r —r i (¢))
S(@)=F[g(r)] (SANS,USANS) S5 (0,w)=FiQw [GLs (7,0)] (QENS,InCOh)



Neutron Diffraction

Incident .‘ Scattering triangle
plane wave ‘.\ ki /'
-2d sin B 0
Constructive interference
when - _
® o o o o o nA=2dsin 6 ’
e o o o o o Bragg’s Law
k

0: Momentum transfer

Q=kif—kli [k f |[=lk i |=2m/A

~ Q=0 [F2[k i [sinf=47/A sinb

Qd=2nm




Neutron Diffraction (cont’d)

Two axis diffractometer Scattering triangle
kif

DETECTOR

/4
REACTOR SOURCE

DIFFRACTOMETER BEAM STOP

Diffraction — Where the atoms are:

Clifford Shull, 1994 Nobel Prize (1/2)



Notations

Crystal lattice

R=mil all +mi2 al2 +mi3 a3

Reciprocal lattice

Glhkl=hallT* +ka 2T +ia l37*

Miller indices

allTx=2n/Val2xal3

N

a2l =2m/Val3dxall

(##0): a set of planes perpendicular to ¢ 44z, separated by 2z//¢ ihki| @31« =27/V a i1 xa I2

[#kl]: a specific crystallographic direction

{hkly. a set of symmetry-related lattice planes

(rkl): a set of symmetry-equivalent crystallographic directions

V=all-(al2 xXal3)

ali-aljTx =2mdliy




Ewald Sphere
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Powder Diffraction

d1 diffracted
cone

dzdiffracted

> DOD%O
incident _s, 080 nha T S
beam o A
> Oslad
OOD

Debye-Scherrer
rings

 Phase identification

Intensity

* Crystallinity
* Lattice parameters ! u

« Crystallite size JUUMMM JUJ U jb

 QOrientation 0 26 (degrecs)




Rietveld Refinement Method

/0 : incident intensity

klh . scale factor for particular phase

mis : reflection multiplicity

Lih: correction factors on intensity (texture...)

Fih: structure factor for a particular reflection Flhkl=)itiEbli eT—iQ R Ii eT-Wlii
P(MIA ). peak shape function (instrument resolution function, crystallite size, strain, defects)

b background intensity



* Phase identification
e Crystallinity
xdcr=Alcr /Alcr + KAlam

* Lattice parameters
a=2m/Q

e Crystallite size
LIkl =0.894/(FWHM—-AB)cosb

* Qrientation
g =1/2 (3(cosT2 $)—1)

Example: Polymer Diffraction

T ITOZ

80 T
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<110>

e

High Density Polyethylene

— o R P B S = e

Linear Low Density Polyethylene

e - m
Low Density Polyethylene

1c 15 20 25 30 35 40 45 50 55 60
e THETA (www.xraydiffrac.com)



Example: Polymer Diffraction (cont’d)
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